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ABSTRACT:  The length-scale parameter as a primary factor has an important role in the approximation 
of natural frequencies of micro-structures. Applying the exact length scale parameters which are recently 
determined by researchers, natural frequencies of porous microstructures are determined. Since the 
assumption of constant length-scale parameter leads to deviation of natural frequencies from their exact 
value, this research applies a length scale parameter which is a function of plate thickness and material. 
To model the porous structure of the microplate, various porous models including evenly porosity mode, 
unevenly symmetric porosity model, and unevenly asymmetric porosity model are employed. The 
microplate is assumed to be thin, and classical plate theory is utilized to approximate the displacement 
field of the microplate. The modified couple stress theory is used to capture the microstructural behavior 
of the microplate. The trial functions which satisfy the boundary conditions are taken as the polynomial 
form. Evaluating the energy values of the system, the Rayleigh-Ritz method is employed to solve the 
governing equations of the system. The results obtained in the present work are validated with data given 
in the literature search. A parameter study is performed to study the effects of various parameters on the 
natural frequency of the microplate.
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1. INTRODUCTION
Non-local theory [1-3], strain gradient theory [4], 

coupled stress theory [5, 6], and modified coupled stress 
theory [7] are common and useful non-classical theories 
that are used to capture the size effects in microstructures. 
In most studies that are performed on microplates, a constant 
length scale parameter is assumed. Akbarzadeh khorshidi 
[8] experimentally extracted the exact values of the length 
scale parameter for several metals and showed that the length 
scale parameter is a function of the thickness as well as the 
material. Porous materials have a two-phase structure with 
one phase being solid (body) and the other being liquid or 
gas.  The industry-wide applications of porous materials 
include filters, air conditioners, separators, heat exchangers 
and refrigerants. The present study applies the length scale 
parameter which is function of thickness. Natural frequencies 
of the microplate are simulated based on a new non-uniform 
model. The Lagragnian function is minimized applying the 
Ritz method to study the free vibration of the microplate.

2. MATHEMATICAL FORMULATION
The modulus of elasticity and density for the porous 

rectangular microplate are determined by the following 
models:

(1)� [ ]0 0( ) 1 ( )E z E e zϕ= −

(2)

In these equations, ( )zϕ  is the porosity distribution 
function, 0e is the porosity of the plate, and e ∗  is the density 
parameter. The parameter e ∗ is defined as 0 11e ρ ρ∗ = − , and 
its value is between zero and one. Parameters 0E and 1E  are 
the maximum and minimum values of elastic modulus of the 
plate and are related to 0ρ  and 1ρ . The porosity distribution 
function is expressed by following four different models:

                    

According to this non-classical theory, the coupling stress 
tensor is symmetric and contains one length scale parameter. 
The strain energy for a linear elastic microplate is determined 
by the following equation;
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where σ is the stress tensor; ε  is the strain tensor; m is the 
deviatoric part of the symmetric couple stress tensor, and χ is 
the symmetric curvature tensor. The kinetic energy of micro-
plate for classical plate theory is expressed as follows for 
stress couple theory:

/ 2
2 2 2

0 0 / 2

1 ( )
2

a b h

P
h

T z U V W dzdydxρ
−

 = + + ∫ ∫ ∫   

         
(5)

The Lagrangian function for the system is

max max
U TΠ = −∑ ∑ �

(6)

The following derivatives are employed to minimize Eq. 
(6):

0
n n na b c

∂Π ∂Π ∂Π
= = =

∂ ∂ ∂                                                         
(7)

3. RESULTS AND DISCUSSION
In this section, the natural frequency values of rectangular 

microplates for various porous models are obtained. To this 
aim, the following frequency ratios are employed:
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where ELSPω and TLSPω represent the natural frequencies of 
microplate which are obtained by exact length scale parameter 
and traditional length scale parameter, respectively. Also, 

CPTω  is the natural frequency of the system is determined 
by neglecting the microstructural effects.  Fig. 1 shows the 
variation of FR1 with respect to the thickness of a porous 
microplate made of titanium, copper, and nickel. The 
assumptions in this form are / 20, / 20,a h a b= =  and 0 0.9e =
. All edges of the plate are simply supported. As the Figure 
shows, natural frequency obtained by traditional length scale 
parameter is constant, while application of exact length scale 
parameter results in deviation from the traditional model. The 
Figure shows that the deviation of the frequency values ​​for 
nickel is very high. Also, by increasing the thickness values, 
these deviations are decreased.

Fig. 2 shows the variation of FR3 versus the thickness of 
the porous microplate for various types of metals. As it can 
be seen, FR3 is always higher than one. So, considering the 
length scale parameter increases the natural frequencies of the 
microplate. Also, the curves converge to one by increasing the 
thickness, which means that for 
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Figure Fig. 2 shows the variation of FR3 versus the thickness of the porous microplate for various types of 
metals. As it can be seen, FR3 is always higher than one. So, considering the length scale parameter 
increases the natural frequencies of the microplate. Also, the curves converge to one by increasing the 
thickness, which means that for 20μmh   microstructural are lost; thus application of non-classical theory is 
not required for 20μmh  . Figure Fig. 3 shows the variation of natural frequencies (MHz) of epoxy porous 
microplate; the porous model with type I is assumed to obtain the results for various boundary conditions; 
the figure shows that increasing the porosity parameter decreases the natural frequency of the microplates. 
Absolute values of the curve slopes gradually decrease and the frequency reduction rate becomes more 
pronounced. 
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4. CONCLUSIONS
Using the traditional length scale parameter with value 

results in incorrect natural frequencies. Using the traditional 
model, the deviation of natural frequencies from the exact 
model is significant and relatively high for nickel microplate. 
This is due to incorrect estimation of the length scale 
parameter for this metal. Application of non-classical theories 
is necessary to calculate frequency values ​​in plates with micro- 
and nano-thicknesses, but the thickness range for mandatory 
application of non-classical theories is different for various 
materials. The porosity effect for uniform models reduces 
the natural frequency of micro plates; while for non-uniform 
models, the behavior of natural frequencies of the microplates 
is not generally predictable. The natural frequency values ​​of 
the microplate with four-sided clamp boundary conditions 
are higher than other boundary conditions; this is due to the 
increased rigidity of the microplate.
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