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ABSTRACT
This article deals with small-scale eﬀect on nonlinear free vibration of isotropic thin nano-plate using
the nonlocal elaﬆicity plate theory. Formulations are based on the Kirchhoﬀ's plate theory, and von
Karman-type nonlinearity is considered in ﬆrain displacement relations. To include the small scale and
the geometrical nonlinearity eﬀects, the governing diﬀerential equations are derived based on the nonlocal elaﬆicity theory in conjunction with the von Karman geometrical model in which the eﬀects of rotary
inertia and transverse shear are neglected. With cubic non-linearities, Duﬃng's equation is solved by
elliptic integral and natural frequencies are obtained. Also by means of Jacobi elliptic functions, some
analytical solutions for deﬂection of plate are presented. The eﬃciency and accuracy of the method are
demonﬆrated by comparing the developed result with those available in literature. The eﬀects of various
parameters on the nonlinear vibrations of nanoplates are presented. Occurrence probability of internal
resonance in rectangular nanoplate is inveﬆigated.
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1- Brief Introduction

Exceptional mechanical, thermal, and electrical
characteriﬆics of nanoﬆructures such as nanotubes,
nanowires and nanosheets propose various promising
applications in micro/nano electromechanical
syﬆems. Among these, nanoplates have aroused
intensive intereﬆ because of their unique ﬆructure
and superior properties [1].
Vibration of nanoﬆructures is of great importance
in nanotechnology. Underﬆanding vibration behavior
of nanoﬆructures is the key ﬆep for many MEMS
& NEMS devices like oscillators, clocks and sensor
devices [2].
Based on Eringen’s [3,4] nonlocal elaﬆicity theory,
size eﬀects are taken into account by the integration
of a scale parameter into classical continuum models.
In nonlocal elaﬆicity theory, the ﬆress at a reference
point is assumed to be a functional of the ﬆrain ﬁeld
at every point in the body.
In this paper, the small-scale eﬀect on the
nonlinear free vibration of isotropic thin nano-plate
using the nonlocal elaﬆicity plate theory for various
combinations of boundary conditions is inveﬆigated.
Also occurrence probability of internal resonance in
rectangular nanoplate is inveﬆigated.

2- Methodology
The formulations are based on the Kirchhoﬀ's
plate theory, and von Karman-type nonlinearity is
considered in ﬆrain displacement relations. To include
the small scale and the geometrical nonlinearity
eﬀects, the governing diﬀerential equations are
derived based on the nonlocal elaﬆicity theory in
conjunction with the von Karman geometrical model
in which the eﬀects of rotary inertia and transverse
shear are neglected. With cubic non-linearities,
Duﬃng's equation is solved by elliptic integral and
natural frequencies are obtained. Also by means of
Jacobi elliptic functions, some analytical solutions
for deﬂection of plate are presented. The eﬃciency
and accuracy of the method are demonﬆrated by
comparing the developed result with those available
in literature. The eﬀects of various parameters on
the nonlinear vibrations of nanoplates are presented.
The solution methodology is applied to some kinds
of boundary condition as pointed out and the related
curves are presented for comparison. By means of
amplitude incremental ﬁnite element method [5],
occurrence probability of internal resonance in
rectangular nanoplate is inveﬆigated.
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3- Numerical Results

Eﬀects of various physical parameters on the
nonlinear vibration of nano palte such as scale
parameter, aspect ratio and boundary conditions
are inveﬆigated. Some of the numerical results are
represented in Figures 1 and 2.

Figure 1. The eﬀect of scale parameter on nonlinear
frequency ratio versus dimensionless amplitude curves
for squared plate with a/h=20

Figure 2. Variations of fundamental frequency ratio
with aspect ratio

Figure 1 shows the eﬀects of scale parameter on
the nonlinear frequency ratio versus dimensionless
amplitude curves for simply supported squared plate
with a/h=20 . It is to be noted that the scale factor
μ=0 corresponds to the case of classical continuum
mechanics model and demonﬆrates a lower bond
solution. It is observed that the small-scale eﬀects
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have a large impact on the nonlinear frequencies,
which shows the necessity of a nonlinear analysis.
To inveﬆigate the eﬀects of the aspect ratio on
frequency ratio, Figure 2 is plotted. This ﬁgure
depicts variations of the fundamental frequency
ratio with aspect ratio for two speciﬁed values of
nonlocal parameter μ=0.2, 0.4 and three diﬀerent
boundary conditions. By increasing the aspect ratio,
the frequency ratio of a nano-plate with SSSS, SCSS
and SCSC boundary conditions, shown in Figure
2, increases. Generally the aspect ratio has more
inﬂuences on the frequency ratio in the case of ﬆiﬀ
boundary conditions (i.e. SCSC, SCSS and SSSS).

4- Conclusions

Some of the important achievements of this
research are liﬆed as following:
- A decrease in the dimension of the plate causes
the eﬀect of the non-local parameter to become
more signiﬁcant and consequently to decrease the
frequency parameter.
- Vibration characteriﬆic of the nano-plate depends
on the size of the plate, mode of vibration and
non-local parameter.
- Using a local plate model in the frequency analysis
of a nano-plate can cause an overeﬆimate.
- The non-local parameter is more eﬀective in
higher modes of vibration.
- The non-local eﬀect in a square nano-plate is
more signiﬁcant in comparison with a rectangular
nano-plate.
- The eﬀect of the non-local parameter on the
vibration behavior is almoﬆ independent of the
length-to-thickness ratio.

-

-

-

The frequency ratio decreases with the increasing
vibration amplitude and Poisson’s ratio, but it
decreases with the decreasing thickness ratio and
aspect ratio.
The small-scale parameter reduces the natural
frequencies, but increases the nonlinear-to-linear
frequency ratios of the nano-plates. In other
words, the local theories overeﬆimate the natural
frequencies.
The small-scale eﬀects have more signiﬁcant
inﬂuence on the higher order frequencies.
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