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ABSTRACT: In this paper for flow simulation in fractured porous media, a multiscale finite volume Review History:

method on unstructured grids is developed. To this end, algorithms for generating coarse scale unstructured  Received: May. 10, 2020

grids for the matrix and fracture networks are presented independently. The presented algorithms for  Revised: Jun. 26, 2020
generating coarse scale unstructured grids are adaptable based on local changes in permeability field. ~ Accepted: Aug. 18, 2020
Unstructured grid adaption based on permeability field has significant effect on improving the multiscale ~ Available Online: Aug. 24, 2020

solution results in highly heterogeneous permeability fields. For the first time in this research, applying

adaptive unstructured grids in fractured porous media is done. Coarse scale grid cells are generated  Keywords:
such that strong variation of permeability along their boundaries and also the placement of coarse scale . .
Multiscale finite volume method

vertices in low permeability region are prevented. To reduce the computational cost, fracture-matrix i
. . . . . . . . Fractured porous media
coupling is considered only for the calculation of basis functions in the matrix domain. In order to

evaluate the proposed algorithms, various 2D test cases are designed and solved. Finally, it is shown that Unstructured grids
the multiscale finite volume method with the proposed algorithms is an efficient numerical method for ~ Discrete fracture model

flow simulation in heterogeneous fractured porous media.

1. INTRODUCTION

Flow simulation in fractured reservoirs is an important
and challenging issue in the oil and gas industry. Various
numerical methods have been proposed to investigate the
behavior of fractured reservoirs. One of the numerical
methods that has been considered is discrete fracture
modeling, where fractures are modeled as elements with one
dimension less than the matrix [1]. In discrete fracture model
using unstructured grids, fractures are placed at the interface
between matrix cells [2,3]. In this method due to using
unstructured grids, complex geological features including
fracture networks are better described. However, for real field
application that leads to large linear systems which cannot
be solved with the existing classical method. To resolve this
problem, multiscale methods have been developed [4].

Although promising progress has been made in recent
years, the challenge of generating flexible multiscale
unstructured grids for discrete fracture modeling has not yet
been addressed. In this paper, the multiscale finite volume
method for discrete fracture modeling on unstructured
grids is developed. To this end, algorithms for generating
adaptive unstructured coarse grids are presented. Generation
of unstructured coarse grids is based on local changes in
permeability field. Numerical results show that the multiscale
finite volume method using adaptive unstructured coarse
grids predicts fine-scale solution with high accuracy without
using iterative methods.
*Corresponding author’s email: z.mehrdoost@iauahvaz.ac.ir

2. METHODOLOGY

For incompressible flow in porous media with discrete
fractures, the pressure equation is described using Darcy’s
law as:

—V-(4-Vp)=¢q M

where A is the mobility, p is pressure and g represents
injection and production wells. Eq. (1) is solved to obtain the
pressure field in fractured porous media using discrete fracture
modeling where in this model, fractures are considered one
dimension less than the matrix (as a line in a two-dimensional
matrix and as a surface in a three-dimensional matrix).

The discretized form of Eq. (1) for matrix and fractures
can be written as:

4 4 = 2

i 7 APy ds

where subscript m and fare intended for the matrix and the
fracture, respectively.

Solving the system of Eq. (2) for real-field simulations

will have a high computational cost. To resolve this problem,
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Fig. 1. (a) Primal coarse grid, (b) dual coarse grid in matrix
domain

multiscale methods have been introduced. In this paper, the
multiscale finite volume method is used to solve the above
linear system by providing efficient algorithms.

The multiscale finite volume method uses a Prolongation

operator P to solve the system of Eq. (2). If p‘ and p™°
are pressure fields on coarse-scale and fine-scale, respectively:

pms :Tpc (3)

To solve the coarse-scale system, a restriction operator

R is defined that describes the mapping from fine to coarse
space:

(RAP)p° =Rq
— Hrc—'

A€ q

“4)
Finally, the multiscale pressure solution is calculated as:

p, =p™ =P(RAP)'Rq
:

M—l

ms

)

The multiscale finite volume method uses two types of
primal and dual coarse grids to calculate the restriction and
prolongation operators. In this paper, a multilevel tabu search
algorithm is used to generate primal coarse grid. The primal
coarse grids for the matrix and fracture domains are generated
independently.

At each iteration of the algorithm, the subset with the
maximum weight is selected. Then, the boundary vertex with
the maximum gain is chosen for migration to the preferred
subset. The gain g(v,n) of vertex v for migration to the
neighboring subset S is defined as

g(v,n):ED[v]n —ID[v] (6)
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Fig. 2. (a) Primal coarse grid, (b) dual coarse grid in fracture
networks

where ED [v ]n is the sum of common edge weights
between vertex v and its neighboring vertices located in the
subset S, and 7p [v] is the sum of common edge weights
between vertex v and its neighboring vertices in the same
subset. After moving each vertex, the gain of the vertex and
its neighbors are updated. The algorithm continues until
stopping criteria are met.

The proposed algorithm for generating dual coarse grid
employs the equivalent graph of unstructured grids. The
first step is to specify the vertex cells within each primal
coarse cell. Since the presence of vertex cells in a low-
permeability region causes nonphysical peaks, the fine cell
whose centroid is closest to the mean centroid is selected
and its permeability value is checked. If the selected cell
is located in a low permeability region, it will be removed
from the list of candidate cells. Then, the algorithm searches
for the next fine cell and this process continues until the
closest cell to the mean centroid with acceptable permeability
value is identified. The next step is to assign the edge cells.
Dijkstra’s algorithm is employed to find the shortest path
between the two vertex cells of coarse blocks, so that the
strong permeability contrasts along the path of edge cells are
minimized. Finally, the interior cells are assigned as the cells
that do not belong to the edge and vertex categories.

3. NUMERICAL SIMULATION

In this section, the multiscale flow simulation results in
fractured porous media using the proposed algorithms for
generating multiscale unstructured grids are presented and
compared with the fine-scale reference solution. The test case
consists of a 1[m]x1[m] homogeneous matrix with 9 fractures
and kf =1000% . Dirichlet boundary conditions are applied
on the left and right boundaries with normalized pressures
of 1 and 0, respectively and no-flow boundary conditions
are specified on the top and bottom boundaries. The fine-
scale grid has 10226 matrix and 306 fracture cells and the
coarse scale grid contains 12 matrix and 5 fracture cells. Figs.
1(a) and 1(b) present the primal and dual coarse grids for
matrix domain. The primal and dual coarse grids for fracture
networks are illustrated in Figs. 2(a) and 2(b) respectively.
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Fig. 3. Pressure contours obtained by the (a) MSFV method, (b)
fine reference solution

Figs. 3(a) and 3(b) present the multiscale and fine-scale
pressure results. The multiscale finite volume predicts the
pressure distribution with relative error e =6.48x102 1t is
clear that the MSFV solution agrees well with the fine-scale
reference solutions.

4. CONCLUSIONS
In this paper, the multiscale finite volume method
for discrete fracture modeling on unstructured grids is

developed. Algorithms for generating adaptive unstructured
coarse grids are presented. Unstructured coarse-scale grid
adaptation based on local changes in permeability field
can significantly improve the multiscale solution results
in highly heterogeneous permeability fields. Numerical
results show that the multiscale finite volume method with
the proposed algorithms is an efficient numerical method
for flow simulation in heterogeneous fractured porous
media.

REFERENCES

[1] J. Noorishad, M. Mehran, An upstream finite element method
for solution of transient transport equation in fractured porous
media, Water Resources Research, 18(3) (1982) 588-596.

[2] L. Li, S.H. Lee, Efficient field-scale simulation of black oil
in a naturally fractured reservoir through discrete fracture
networks and homogenized media, SPE Reservoir Evaluation &
Engineering, 11(04) (2008) 750-758.

[3] H. Hajibeygi, D. Karvounis, P. Jenny, A hierarchical fracture
model for the iterative multiscale finite volume method, Journal
of Computational Physics, 230(24) (2011) 8729-8743.

[4] P. Jenny, S.H. Lee, H.A. Tchelepi, Adaptive fully implicit multi-
scale finite-volume method for multi-phase flow and transport
in heterogeneous porous media, Journal of Computational
Physics, 217(2) (2006) 627-641.

HOW TO CITE THIS ARTICLE

DOI: 10.22060/me;j.2020.18399.6809

Z. Mehrdoost, Multiscale simulation of flow in fractured porous media using
unstructured grids, Amirkabir J. Mech Eng., 53(7) (2021) 981-984.

983






FAOY B FATY Slxio AP Jlo oV o)l OF 0,93 ¢y sl SilSlo pwigen 4
DOI: 10.22060/mej.2020.18399.6809

Hleolaiw! b HIs B ol buxo jo b > wwlbdosis (6 jlwan

Olojlw o el

flawgdypn |25

Ol eslgal ¢ sadlul 3T ol&ils ¢jlanl oy « SilSe g 09,5

1609ls Az b
AR R VR FA § RERT- PR
VY4 F P sk
VYR OYA: ey

VYA 8/ T DT ail|

(goals wlols

sl Wiz Sgazme x> s,
SIS s L
Oboiles laases

K IS Jos

GoaSls o cwlide diz Sgaome poxa (g, ¢ B Jodouie Jass 4o ()b 2 (g 5ludnds (gl allie oyl jo oD
FESRS 6‘]" ULG)LM:‘S: uul.\.n.a w)\) 6[.@4&,...: QM.]}J 6‘)) ‘Sal.bp.u)si” 4)5]&.’5@ o] Cewloads oals my QLA)LM:GJ
Lglmé\.i..w J..Jy 6‘)" on.:dS‘)‘ Lglmﬁ,.g”ill ool 4§|)| Jixd.g.\ )| L}.Q.u.wo Sy 4 ol 4&.”.: 9 uu.l)JLQ
Oleilw o sloasids gadai . ai o 1) (6533880 lase dore Ol pess oliol py godat CoilB ol Sl o el o
OReals S 4 (5 398 slaghies 53 liie diz > b S5mte 2 755 JB 3 o5 3358 e ulod
TP T S T LI B9 FROLOWC Sy SO K- LW E ES O PR FON g DS WPEP- T YL WSS g L PV
slazel ;3 (6 pdydeas polae wyad Ol syl as Wisd oo ol (glisS a4y wliie il 4l slo Jolw eslaid I
Slr 055 GxTslr Gl G rddsi b (P15 50 alaite Sudyd 4 (slae S (28,5 )85l ries 5 O (sl e
Cewloaiiand 3 1a5 o o pile asals o il miles alons (gl Jadd s Sl GBI 65 ¢ Sl slaaiy jo ol
obas bl yo o o 5 b (gamgs cle jo i slealins il glan )8 b5l jskaie 4
Silwas Gl wl S o by, S oaiadl| G sl b cwlfodiz dgaze pax g, 45 Cawlodiiosls

Gl a2l o8I oo laee jo by

Seden o3l 5l eg onl 5o Gl sileand
PSS e JL8, (o) 2 sl B gove sl
(awlazd 5 )18 ax g5 0,90 a5 go0e sla g, 5l (SO Cewloas &Sl
LALs o] 45 a5 wilse aiend SIS g5le o Lis,
A mple a4 i SeS an SO L ol lgie @
2 Jiee Slelxe goaSs ady ol D wiss a5
sl S GBS gileJoe g, SIS g L ple aiold
WS GBS 5l ae bs, 5o [0-Y] cadloas )l oot
O S iie dzg o LGS lejle o sbases 5l eslizl L
s @ by onl o [T WS e S e sladshe
O oy awdid il e plejlu g slaasd I ool
cds g g piyilanl Bb 5l ail oo 5ol ol asid

doudio -
5 e Jlews 51 0SS ibe 5 ol sibeJas
38 g cds B3l Gleds s .l 55 5 cl Cas 0 51501
SIS y3bee (o canloaids arilil (3B 5l g65 ol 9,0 lex
wile (aeb it Jolge ST )0 3% e banme (b
Sl dgdes St s (I3 b pee)y deg IS >
St (e S SLED oS 3550 b e (ol 53l
oo o> 1 50 a8 ol Lo JULS g oo ya 5l dwg o 45 codims ;|
sl o S s S5 o JUIS 5 g ile s S
el Sl 098 bula SIS 5  Sle o Sl 3B Jlw
2 Gl sl el Gl Jsb slagulia b LOISS aS

z.mehrdoost@iauahvaz.ac.ir * :oLslse Jlseage soreyss ™

(Creative Commons License) oo o (Sosis 31 Luilacd o allie () .ol 00 00ld 108 ol ol8ils ol )Ll s 126 3si> g B oian g5 0 (uilio (358>
Auileyd s https:/www.creativecommons.org/licenses/by-nc/4.0/legalcode .ol 5l uilucd cpl bz gl sl 48,5 )18 Loy o 2,0 BY NG

LYY



slwlde 5 YU (60308 L ol asis &l eaadl)l
S I o calosls (5155 Jed LB mls So8 L....w_, Ssb
LB aSl o jLad myje8 ,0 axg8 JB Ol b Lleo (61
&l 500 am 90 gy S e Calonils Jol> > ol Koo
gy 0 alEes b ye aSh lgie o ladils aslis o] jo aS 0
uﬁsj)&\‘tg;.[\”\] ol a8 5l s cwlide B dgdome p
g wg a5 Vb p03s85 ¢ o515 L ldls 4l (sl
JEao job 0 SIS 5 o Sle sl (sl oo S s (slaass
S GBS (il o9y 0] 5 o 098 iyl
anwg [V lojlos o Vo] olojlo b slaaSess  oadacas
Sgdse px> g, ;0 il g0 b o sleaSill gy cpl jo ad ols
5 slo gy 5 oolisd b 4y el 5 5 gmd aly uliiani
dnngi cdipe) (nl 5 8,50 50 (haghy 13T Wish oo e
Sl iledae Ghy) b (oulbbesiz Sguze oz )
Sy Gimei onl yo IYAl wab oo lojlo o sloaSlss jo s
6L i, SOl e bl sge g (Slewloee sl ol
L ‘5...:L..a.a A Sgdoe > U’““j) U—l B a5 Cawloods colaul
S pls B L lalas B gl wlide ) jlelgen S olyen
Cawloadad 3 IS 4 ol 9 YU
w.n? o g}ob A Q"‘ L @Lﬁuﬁrﬁu b;‘
slplas o pddlhsl cwliens olojle o loaSis adgs
iy giluJow opee 4 (Kool Sald @ (a3
Sgdio > wj) ‘w.ibj)a Q"‘ B Cewloais dj.'o).’ 1R K
class jo annlS balls gile o lp swlbenis
Sy ebp,ol Gelate pay Casloadosls axwg Hbojle o
Cawloads &l aoday losle o wlide by saSll oy
Wlfgs codjo aSed slaobe 025 (o0 Djge S RASeE Ol
2 SRk polie ol Slyesd A Wil oo gl slaisS @
iy 4l slwe S 8 518 Sl e g o] lag e Slackl
sl 09h xSl Gml added b (e e b
Sgazme x> by @l Ssetr )0 e JB S eadal)
o o)l RKeal Jlews 6pdd9al oo o cwlbenix

solawl b csbiodiz Sgaze po> By, W o L (gilwans

e Bl alidia b 03l 50 ateesS SIS (55lu o o,
Glogsy, b ol Jo a5 05 go S5 sl S¥0las oS a5 @
el JSie nl Jo 6l e pdy (BGl 95290 S
Siloterd Gln oolde Wiz Glaghy, (Slwlre sloanje
Dye g M wlowss a8l Jsdseis sladaes jo oo

sloslitul b Jlue Jo )3 (llys Jdo &0 (ouliiosiz sl by,
2 sogee s it > G900 5 ) el 58 (e Sz
O ,5k,0 ble gy cnllad F18 az g 0 90 s ol 0
s b cdo Jhai 5l a5 s o dil)] plagiely elidie ) SLS5>
Slole aze Jlie )3 5 WS o0 Spln 2y e 0 J>
dg9azte lell (B, 09,5 4w & (ouliioniz sla ) W)l 6558
5 Y] polidioniz (oS 5 g0 Lol g, ) o] pliioniz
Oolds Nigd oo (GMAIWD (V] ewlbiodiz dgame p> b,
Pl iy (g il oulidonir lagts, ol Lol
leiediz slaghy) Gl 5l el by Bl dslze gl (e
bl p aSl a4z i b ouldioniz dg9aome x> (g ol )|
WS (o0 lgi jlaly e Glane oo 2 sl DYoo >
(rred el (65970 3Bz ok ileand sl oS
S el b bl > ileand ln Gbe) nl avwss
DY et 5olal sosuses

Gh9y oM Sz 0 ol slasdyan oeSU
Sygo 2Bly Plas iluamd glp culdoriz dgame p>
slolyz J> @l G, (ol arwgi @ Gl oo alox jlcaslans S
PEX IR I {ISL ISR O AL PAT P ERCE RN
o> o s, YoV ol sileoe NVAVF] Side
J> S Sgne 9 S J5S ln )15 (ombienis Sgue
ges 0,5l [YFYA] is, cnl 6> GgeVse,d 5 [YY5YYI

P> by daey Cqx )0 a5 (glod S Dlidad ez L
p Oldlhas pl i wwlad § Ojse cwbiedix dgdome
xS a ol 5l (sogume sl slas 5005 (lojluly (glaasts
VEL wlosls )15 gy 0550 plojle A 50 1, g, o
Iya

OB Jadzie base )3 (cwldeniz Sguze p> b,

oy Y] asais 550 (camgs ploluls sloaSs b (s

£YY¢



FAOY B FIYY dorao AF v Jlo oV olaud Y 080 ¢ pusS yuol SOl quwiins 4 puls

>

o ile (gam g0 Lol

SIS gan S5 Gl

W GBS Joo 10 BIS g ua yilo sl ) S
Fig. 1. Matrix and fracture cells in discrete fracture model

=

Ol j0 a8 casloadosls lis gamge 4l SO glp anlS
L Oy asls 5 e slo Jobo b (3500 S yilo asald
Slaes Al Jas ;o ailoads giluaines s sl Jolo
ookl LBl aols jo JiuS poxe ol (6l AISE culses
D9 s
dgize px> gy oelel 2 lad dslee (giludinS jolais o,
5 o l) Sllre glasho 51 S0 58 (59, 2 ,Lad dolas
Syt 4 0, Slilna Jsho 2 ST 555 0 65 181 (B
w5iad S S0 A gl colas 5 Vo b J 25 o2 S

g lgi s

Jl, ~V-G-Vp)ar =] -2-Vpmda=, qav o

&S Canl a0, Jghw 099 p 050 4S5 o M (5g8 alal) o

LS e poliie 409 b geaid )5 SN0 Joho 5l )l Cen &

O S i 00, sk azg g5, 5 _I"ani —A - Vp - ndAOA
D oo odlaiul

Sleslrs 4558 Sy At S o g0 ¥ S s

9 C'j 9 Cl l) w)a L J 9 l 6[&J9La )SI)A Cawloadosls w.al.ou

£1\Yo

S5 slasig sl eslaul a9 oads ads lojlu o slaasds S
WS (o0 S O YL B L) lide )y S e S (ol
SLby) MG Sz 50 e P AT 50 ey
5 3ly olide b o3l )0 Gl ileaned ln (oolideni

Lol 6, gl jlwas o LmQT IR S LT IN Y

QoS AL g5lw o =Y
sladlla b Jodste Luse 50 pdilipSly Jlw 0l 12
Ol ) Syge a4 swyls el Sl eslaul b L alolee S

P9 s

~V-(A-Vp)=gq M)

Slo g g ,ld poJlw Sy capah Aol e SA
Sl 0 jglcanns Glp (V) dolae ol ol b s> slaalos
B Jae 3l eolaiwl b HolIs Jodxie o jo Lid
Sl 5 eS am o LSS ¢ Jae (nl )0 45 998 o0 o atenS
n 93 il p3 b S0 Wk go 485 AN 3 ()35 awaia
171 (sam 4w 3l o o S5
CLBE Jow jo sadady aSlis 3l Glages VIS o



SR JUl o pd il 50 03liiwl 890 48y (ld)10 5 of yod 4 (ylojlur g A5 53 Alunad JyUS pomo 90w (uled ¥ S
Fig. 2. Geometrical representation of two adjacent control volumes in unstructured grid along with unit vectors used in
transmissibility calculation

dobre asile bazally plo o G cabis AA, o o o
n.d; =1 548 doles ;0 a5 04 a>gs gl oo iy ya5 (V)
n.d, =1

oy 4l 5 GBS 5 e ilo (gl as Y olas oKz

XY PP ROV

Amm Amf p m qm
A 4 - ®
m o Ap | Pr dy

s B g i sle lp 5 4 f g M uging o] 0 &8

lre Sl woiy @ Ag g Ay slogmsle Celoadad 3
o ile 5 ail o B GISE 5 s ilo e sle i
SIS 5 pmsle sk m pdJEsl olp Apy 5 A
Sy ool b 8l slaglans sl () Yol oKiws >

Sty (St (ol o sl cedls amlgs ook (Sl aiyjo
Sguze x> by, 5l Alde cpl p3 sl (B oulidenis
ot oS @l b b Volee oSiws > (gly wlibosiz

D oo oolaiul .\AT)LT

L olojlu gt asuls jo (cwldonisr dgummo o> (g, -V
oS AL Jow

Yol olKiws J.‘> 6‘,’ LS.ALJLA.\..} Sgdste > ws)

)L....v o] % Cawlodls UAMCO la LQQ] O gS,,..m.a d>g ;).a
L8] g0 ol 25 O g0 & Qoo axy o slahais 5o

o :];j/lij(pi _pj) )

sl sl jo 5Lad jlade oS 5 APy 5 PiP; «B98 4kl o

S 25 po AggAiih 5 owiin 6 JESIT Ty sl e ) 50
2SS s e Ol 1) Jske 93 i Stie azg 0
D WSy Sed oo dewle by CawdVl Oledbl Cus

Dedse Ol p) Dyge 4 g pdy Jla!

a =—"n -d. f)
D

K oo 55 G S e azg colue Ay (3o alal) o
sk 3550 ot alol DD, i Joloo 5 3llas 5 pdydsis ke
did; 5 Syt azg p d5ac & oy M (CC)) a2y 5550 5
429 55 o ]y S5 o 35 pe o8 Cenl (s slael 0 45yl
S o Juaa

Joe o SsS SloJ 1S oz olml 5l (s,uTslr pslaie &
o9y ool 0 g e Jleel [F] Womobiw g, Bl ablis
139 o0 dawbe (F) dlolas 5l GG 71 ablis jo (5, dy L]

aa, AK.
L= — - a=—p" ®)
ka1 % i

£



FAOY B FIYY dorao AF v Jlo oV olaud Y 080 ¢ pusS yuol SOl quwiins 4 puls

JJJ.A.?GA )‘)5 ()" «5L‘°u9—‘-~’ ) S Cwloads

?_ ?m ~ ?mm :me
|\ pr | | Py an

m mm mm mf mf
P =| @ Oy DY - CDfo OY)
9
P’ =| 0" oD D (")

S PRIPTE sl al g 5 bSs 51 O0) obes o
oS cosloasans 5 s PFRPIL ISy ol alss 5 e sile
By SSie (0l ¢8) Slp dsdioe P Sloe ad il el
S8 S 0 b g e yple aels I et LIS asly o aly
Sghge J pmle b bLI| Joe jo bz (g0 550 by
_mepfm

Jo ol a5l Jtie a5 LAKS 4l algs B
S LA 1 ile asls Gl milg acwloe o wigh o
al &l Jold Gyl asls aly @ls conlnly 0sbp0aid S
O™ oSS 151 86wl ol 5 @™ e 5151 20
a B 5| i ey il BISE LsS K00 O le 4 sl D™
3 Bl ab mly aclxe lp Y] 0,5 o0 &j90 ke
Sire by oy 4 OFOF GISE aials 1o 4l wls5 o e asals
g gedtd S 13 ) mmfmmf“ili &l slp alS o

P sloSlos arnlns glp (ool 0tz sg00m0 o> (b

LYY

Slae ol oS o ool P 022 sy Slae G 51 (F)
obdegyy glad & 1) (O J> slad) wlibe culys glas
Sl 4y S e ClSS (oOs e Lams 0diiS anosd)
5 s e ;o Lsd plase i 4 PTE 5 pOSTOKs

Ivol wsl 5, oobde

pms :Tpc (V)

o Ale sl (owliiio aiz jLid Gl PTEPTE 558 dolas o
p" =[Py
ol BILE g e le sl elidie cadje lad o PUPT
Ny =NPAN] Jabe sy o P =[ps po]
ey & NoNgg NeNpas' aiis )] N, =N+ N/
LIS 5 uyile Jol clps g 5,y whde )0 by sl ol
Sloe PpTaculns g polidie cubyo olKiws J> (6l aibl oo

wlad a1y uldey ) glad aS 0gd co iy yas RY FRESLRYREN

T
PP ] el s g, Ss 0 S

IYAl 08 o coslSs uldecas o

(RAP)p* =Rq )
— ch—‘
A¢ q

Ps ~ p" =P(RAP) 'Rgq Q)
—_—

M—]

ms

sk 555 65,55l Slas S NNgolal b R Shac

LYO] 05 oo cinmi 105 & jp0 a5 ol i yo wlido o

|1 iffine-cell jbelongs tocoarse celli .
Y710 otherwise

S5 @ sl wlss 5l Np X N Ng X N, slol L PP Slee

1 Prolongation operator
2 Restriction operator



FAOY B FATY doxio VFe v Jlo o 0yl DY 093 €308 prol CSilSin ubies &yt

0.85
0.80
0.75
0.70
0.65
0.60
0.55
0.50
0.45
0.40
0.35
0.30
0.25
0.20
0.15

o
o
o

0.05

ol dold il jo Al jo 0,5 S b &b @ je Y S
Fig. 3. Basis function distribution of a vertex in the matrix coarse grid

C P O e ee 43S I SIS atpend dlies S
sk o Jlasl g SIS sloo 57 L jblis aed gl Jsho o5
£ o SIS (G Altns il oe SIS NSl L bl
4 BT ko )F 0 St Ban il o giloaig Aies
59 Gpends (pl 50 aSboe bao Sl Jitue oladegazs n
Ojlye acgozma s o oo S olaai =) 1358 o0atd S Jliiyo b5
Saie JBlas bacgame ) G S e oI slasy - anil
sl atils 1y o See

al)l GBS sapeads @l Al )01 slapn )5l
W Egias Sotas wiysdl e ol o [YF-YY] Cilons
s Lol culons soliiul adgl cus o aSict 0y (sl ol
ASG l Jiee D90 4 S g e pile anels o adgl s
haid aSl Joleo SIS o aSul b az g b Bk 5l aisd oo oy
ol g5 wai coaid 5 L5 s 4 SYLas] 4y bgy o ledlol
Slp ol il ge Coenl W8l upnds o ol slal 5 a5
Ll Gl sl 51 B 5 e yile o adgl cudys aSils adgs
g oo odlaiwl w3l SR g0 4

IR gilaainge 0ol S griee o o 0Nl
aile wi, oS ool AY0] wab o (labibl> sgamine olol
sl a5 Dolis ol b S (o0 I (o sozinn slap 55!

DS o oolaiul Al s ¢ Madgl e Al g4 g0 R
sldshe @ hlon, 4ol ot I adsl cudys 4
oot 351 e Jlasl 5l ailSes o aSis g wl oo Gy Sy
g s iBu 0 Wiad e g adgl by iUl sla sl
Cewloalds pu i dilS g0 5 adgl iy sloass
5555 (1) oS> aolas (fad Caad one o 5l il ey
ol glate cpas ok lioe Conds alEge iy sla sl 31 S5 50
Sl a3 2,5 sl ok slos e a5y 2alS (5550 by
350 Sy )5 Sl b 35500 (558 45 i et S95e0
olie alo plaisl b g 5,0 ag2y 4lfes (gla Jshe slo) e
by ye cnl 53 Ol Wl Jor et o a0l slao 57 a4 ho 5 SO
7y sdshe @lp alSe,s G0 byd lsie a5 el Cusyy
&g ¥ IS Wed eaid I Sl alfes slaJshe (198 (wlide
o yle aals o clye aSll sleo 55l SO Skl sl Al

A oo oyl |

Sl oz lae (o adgl cdjo a4l aldgi - V-

sbwl wlhiden, @lo oo (otpmds I adgl cubys asll

Syge 4 ALl obpamdl Olojlu o slaasil o Logd o

1  Primal
2 Dual

£YYA



FAOY B FIYY dorao AF v Jlo oV olaud Y 080 ¢ pusS yuol SOl quwiins 4 puls

5V 0 o Syite oSl 59 ggeme ID[V] irien

b degezmeny Olos ;3 (tlaglaes slao S

IOEEDY

(v,u)eE/\P[v]:P[u]

w(v,u) %)

dsgorman) & Somd V o5 (7)1 4z ;s ED[V],ED[V],
ke 51 09 o 0asli V 0,5 A3l ax 0 ID[V]ID[V] 5 S
039 Egee pgloms dcgaza 4V 0,5 JUSIL bl ot G oy
il e @ oy e ST a5 o ys il oo ialS by £3LS)
b oo Rl (o SN ()59 Egene

555 4 lles gloo)S 5 (T oy 05 2 almlr 5l oy
50 53 8,50 0,5 JUSIL oS glaglacar 5o )5 yizen 093 o0
Sly wsilS gloo S o & S oo )13 e asgema ) 5y
ol 3l i 45 glslaan (gloo S o b,k 5l g oo adlol Ui
0,5 &y 43 5550 0,5 JWI L g ails )| 8 aale dcgazmayn) 50 50
B JUsl gl wllS glao S o 3l g e Jsod LS
FOSS po gl clye aSll adg o sSl O jlgls aigds e
Cawloaosls yiuled

ol ) eolizl b sadadss adsl cuiye glaasis 6 S
o ple dals Lo oo lid BIKS § s e aials (o 1) o ,6S]
sl s Jolo Vo 5 b LS5 olidngy sk DIVY ]
oot a3 lidiags, Jako VYF 51 GISS anals cconlonds ands

SIS Jliee Lame 5 ailfys oy a5 algs -Y-Y
S sladsher yo by dolas Jo 51 P Sloe p3 by wlys

alFgo )0 Al g oo dmmlire (dore O jgo 4 ailSge il jo
Sy oo )T 0gd oo Sl whide clye oS Jlasl
Sy adgl Sy Sl gla sl 5l S e b bl ulide
o5 Jsbo adsl lys Jobo s 6lp a5 S G Sed oo
Ol ewiie 3550 a8 wdlige )] (950 elideg; sladsles 51 (S0
Cbyd Joke 550 oo 3y slodgbe gwii 550 (5:S0ke

79

ostde e doe Ay Slacle pls o (oLl g 598 5l 6T ol
g‘g.'?- O LS)L'." u|5:>-)| &5)9- .J.;S‘SA oolaz! Egon w....J fal.? L)
asbarslas )8 saren Cand o aS cunl pdy Gl Sley 4 lecen
@ g9yt adl Slox Sl gries (o oKl
saluos Hlo 1) alues Glgz (3 S s 2S5 g0 &S >
4 S 3l e A8 e S > dlaen Ol 4y asbanslas )l 3
P S G 5 05ise Slaiesn Egien o ialios Sls
sl g Olg oyl 4 sase ciSsL 516 Sguds 00310, )3 £ gian Cand
o ball)| goion (Sorin o )oSl (IS )b 35h (6 T ol S
Cawloadosls QLM.AJ ).1) p...u)ji.” B c\Jj‘ w).) di».u ;.\.Jy 6‘;)
oo (il ) Blasay (SIS Gaipundl Al (giluaing S0

Al oe S €2 (05
L 03 Oertier &5 lasgazme s o yssl 1SS 20 0
(e 0944:‘540 ul?w‘ ‘Smax: maXie{\mk}{W(Sl.)} u))‘«)
S5 degezmany o )0 1) oy yiies SV ES (658 0,5
V, o &S Glasgeren; ¥, 05 Glaws sladcgoren; ol
Pref(vm) Sl 4 wlo 1) lade o i o & Jl 51 sl
3979 o p (p i b degezme ) SOl Gl ST 000 o0y
Glacgame py dpacgomman) il deugs jelaie 4 wdbaiile
a4 S aleoss acgemay) 4 JUsl sl v oS g(Vn) oy

W9l g0 By yai ) D90

g(v,n):ED[v]n—ID[v] 49

S e @l 59 ggeme ED[V]HED[v]néﬁé by o
WWla3 5138 acseme ) ;0 a5 illaas Gloo,S gV oS e

IO

(v,u)eE/\P[v]¢P[u]

w(v,u) \0)



FAOY B FATY doxio VFe v Jlo o 0yl DY 093 €308 prol CSilSin ubies &yt

P:{Sl,...,Sk} Acgoo ) k & Jl; :L:Js| (S panS

Y
T ggian Cawsypd adol 20 Jlade
Y

P* . I ..
0% GRS () yi 0 >

'

W(S), i{1.. .k} bacsoma ) (355 amloes

'

Bi  dcgome pj 0 Glp im0 slooS s

'

gBi — S L;L:oa)f 3N Al
S50 seo S (sl Prefi g )l acgazman; rass
:l

Y
Sar < MaXi1 g AW(SD} (35 oo reien b dsgozme pj Sl

'

Smax 3 02 i b (g5 05 Sl

'

Glaod dcgoze ) A 040 (o den b 0,8 Jlas!

'

T s W Pref @B B ls,js,

adgl ey ASs g i 9801 &l gl F S
Fig. 4. Flowchart of primal coarse grid generation

£Y¢€~



FAOY B FIYY dorao AF v Jlo oV olaud Y 080 ¢ pusS yuol SOl quwiins 4 puls

VYA VAV Y)Y AVAVAYS RAVAVAVAVAV AVAVAVAN AV 0 a9 ve (o e &
N e VY RS AIHKAKKNSIIEAKARLEASS
A A AT s AV S S
AKX I SRS
RO BT DR

X
AYAV:

P \V)
ORDE XK R

XD
v-AVaY
XY

5 gﬁgﬁ‘%ﬁ"" o
7 Va¥
SRR
2

BRRK
S %%V

v

%

RERDROREH]
XA
RS
AR
v
AVAYY\Npg
Sy, O
IR
KPROERIKS

Vi
~

000

AVAN 4V
A
RIS AEERORE
VAV S VAN AYA O AN
A NOTNE A A A
SLATAKR SO SCELAK 5
S o
KRNI
DAy 5 vaviav,
PAYAVAY
&
AN
VAVAVAYA

TSEY
PAVA
b‘v 4

SSEE0

DS TANAVAY,

AR
AV
AN
TAY

\/\
K] WAVAY
X
K
AV
NN

\VAVZAY
AVAVA

WAVAS

VAVAAAYY
VAVAY

N

%

VLAY,

,
1>
%4 VY
:v‘ 3 SOAVAVAVAY v%}‘VAA
AV 4

2T
o
AV,
TS
LVa)

NS

N

5

74\
Y
KN
S

AVAY

AVAYAY

o3
O
XK
\

N
YAy}
I
AVAVAY
YAVAYA
Y
9
S
</

Q

iVa\
vy

gngVAVAVF
5
i
X
A
AV
%
4nﬂA4>Aﬂv &
K]
K]
\Vi
AY
NAPKISRYS
VAA 74‘7 <l 5
AT

N/

m
<IN\
A
O
YA
VAV
XK
VAVAV)

7
25
va

A
ik
2
<
N
VYA
A
V4
%
oAl
VavAVZ4

AV
&4
K
V4
N
K

Y
RIORREEY

"ZAVAVZAYV)
VAVAV;>
AVAY)
Uiy
N
V)
s
v,
R
v )
2
VAL
5
N
i
AVAVAY-,
s
oy,
5
</

=
5

VAV

IXINOY
PR
AV%“?’

VAR

5

X7

S
VY

A
7
VAV

g
N

S| >
YA
K

X
VA
YA

v

5
DA
4
s
s
\/

VA%i%¢
V)

>
A%
IAREX
2%
Ay
N
ﬁg
KK
VAVAY
VAV
I~
o
\/

%
P
lavay
(YAYave
%
0
v,

A\
S
<N
%
VAVAY
Y
pVAY
|
N
VA

v
0
X
V#V
Yo
v
VAN
N/
v,
d
AWA)
INOY
X
K
R

Vv

K
X/
7
KX

S N
DA S TV AV
RO RIS BRI

Wi
X
AV,
20

%

D

VAV
g
ek
Vav,
V#
<y
-
0
S
L

YAYA
\WAVAVAYAGAVAY S GI(DY: “ATAV: 2AVRAVAY- AV
AV s S SRASEK]
% <VAVAVAW¢W'AVQ§5 DOCK %
X R IRRRERRORR
& KNS <X
N AN NaYss

NPRAKH

5

X

55

!
VAV

INPRA
s

pq
3
KM
KK
2
747
/N
o
0

AV
\A
oK
)
X
VAVAY

R g:;
X
s
25
Ak

S ATA
R
R0
VPRI
KK
4Eg

%

VY
XK
RS

S
VAV,
<X
S
2

ey

oY

‘%{VA

<
KA
K
K

WAV

%%

AVAV.ve
50 DOARKY
OOPRRIEATY RRETRIS
Ve ey, YAy, SRRSO
POORRIIKIRK, SRR
RO RRIRRIORA AN IIRASIARK

V;‘L‘
s
2
NN
RO

A)
<
)

vay
A/

T

AVAY4
K

KO

KX
IAY

Vavy

e
Y
K

AN

K/

KX X

@ ()

Ll asul jo adgl cul yo Al (&) (o ylo diold 50 adgl a0 aSlls () (wldio 3y ATl () & Sl
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Fig. 6. Determination of the shortest path with the least permeability changes between two neighboring coarse cells
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