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ABSTRACT: Today, the use of drones to automate activities such as civil works, rescue operations, and
military missions is expanding to increase speed and accuracy, retaining manpower and reducing costs.
According to this approach, in this paper, hybrid control of position and force for a spherical inverted
pendulum on top of a quadrotor whose motion is constrained in the vertical direction is studied to enable
the quadrotor-spherical inverted pendulum system to perform operations such as painting and cleaning
on high ceilings. In this regard, first using Newton-Euler laws, the equations of motion governing the
quadrotor-inverted pendulum system in the constrained motion are extracted, and then by presenting
a model for the constraint force, a hierarchical control system including position-force control loop,
inverted pendulum orientation control loop and quadrotor orientation control loop is provided. Proposed
Control laws for the inverted pendulum orientation control loop and the quadrotor orientation control
loop are designed using some theorems of geometric control methods. Finally, to study the performance
of the proposed control method, some numerical simulations have been performed.
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1- Introduction

In recent years, Unmanned Aerial Vehicles (UAVs),
specially quadrotors, have attracted the attention of scientists
for performing various tasks autonomously. cleaning or
painting high ceilings are examples of tasks that can be
performed by the quadrotors. In this study, the possibility of
painting and cleaning high ceilings with a quadrotor without
adding any actuator via control of an inverted spherical
pendulum connected to it has been studied. According to the
nature of the mentioned operations, the path of the end of the
inverted spherical pendulum, which is actually the location
of the painting or cleaning tool, and the force applied from
it to the ceiling should be controlled. Many researchers have
studied the problem of inverted pendulum control on top of a
quadrotor [1-5] but none of them has not proposed a control
law for a pendulum in a constrained motion such as the
operation considered in this study.

Unlike previous studies, in this study, the pendulum is
in contact with a rigid horizontal ceiling, and according to
the intended mission, the problem of hybrid control of the
horizontal path of the end of the pendulum and the force
entering the ceiling has been studied. In other words, the main
innovation of this study is the modeling of the quadrotor and
pendulum system in contact with a rigid horizontal ceiling, as
well as the design of the hybrid force and position controller
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for the end of the pendulum.

2- Methodology

First, a mathematical model is derived for the dynamics of
the quadrotor-inverted pendulum system when the pendulum
is in contact with a horizontal rigid ceiling (Fig. 2).

The equations of the motions in the model have been
derived from Newton- Euler method while the dynamics of
the rotors are adapted from previous studies. Moreover, to
model the force acting on the pendulum by the ceiling f ,
the pendulum is considered as a mass attached to the roof by
a spring (Fig. 3).

Then, a hierarchical control scheme is proposed to control
the position and force of the pendulum. The control system
has three control loops. The outer loop calculates the desired
orientation of the connecting rod of the pendulum and desired
component of the thrust force of the quadrotor in the direction
of the rod. The median loop computes the desired attitude
and thrust force of the quadrotor according to the outputs of
the outer loop. Finally, the inner loop controls the quadrotor
attitude to track its desired computed value. The control loops
are designed by backstepping and a simplified model of the
system. Geometric error functions are implemented to design
the median and inner loops to avoid possible singularities.
The stability of the control loops is proven by some theorems
of the geometric control literature.
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Fig. 1. Quadrotor-inverted pendulum system [5]
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Fig. 2. Free diagram of the forces and torques for
quadrotor-inverted pendulum system in a constrained
motion

3- Results and Discussions

To verify the effectiveness and robustness of the proposed
control scheme some simulations have been done. In all of
the simulations, a quadrotor is desired to track an eight-shape
path with different velocity trajectories. Moreover, the perfect
model of the system is implemented in simulations to assess
the performance of the controller. Also, to fairly simulate the
performance of the controller, the sampling rate is selected
equal to 500Hz and a time delay of about 10ms is enforced on
all of the measurement channels.

In the first simulation, there is not any disturbance acting
on the system and just the performance of the controller has
been evaluated. Simulation results show that although the
pendulum tip is not on the path initially, it tracks the desired
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Fig. 3. Schematic of the model of the pendulum- ceiling
interaction
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Fig. 4. Pendulum paths while tracking the desired tra-
jectories vs the desired path.

trajectory with a reasonable error even if the velocity of the
trajectory is higher than its nominal value for which the
controller has been tuned (Fig. 4).

The tracking errors are due to the simplifications made
for driving the design model and the transportation delay
of the measurements. Furthermore, the desired force of
the pendulum and the yaw angle of the quadrotor has been
tracked by implementing the proposed control scheme.

In the second simulation, the robustness of the control
system against disturbances is evaluated. Therefore, a
horizontal step force disturbance has been applied to the
quadrotor. The results of the simulation show that despite the
disturbances, the pendulum tracked the desired trajectory of
its position and force successfully.
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4- Conclusions

In this paper, a geometric nonlinear hierarchical controller
is presented for the hybrid control of the path and force of a
spherical inverted pendulum connected to a quadrotor whose
vertical movement is constrained by a horizontal surface.
Using the theorems presented in the geometric control
literature, it was shown that this controller can provide the
stability of the pendulum position and the force acting on it
from the surface, the direction of the connecting rod, and the
attitude of the quadrotor. The results of numerical simulations
with a complete model of the quadrotor and simulation of
data sampling with a constant rate and with a time delay
show that the presented controller, despite the time delay
of data transmission and the simplifying assumptions made
for its design, can maintain the stability of the pendulum on
the desired trajectories and providing the desired force. Of
course, despite maintaining the stability of the system on
the paths with higher speeds, the efficiency of the controller
decreases, which is due to the limitation of the bandwidth of
the actuators and the increase in the effect of the terms related
to the gyroscopic moment and the inertia of the rotors which
are neglected in control design. In addition, the simulation
results show that the controller is robust to environmental
disturbances on the quadrotor. Future research will include
more complete modeling of the quadrotor-pendulum system,
adaptive controller design to estimate the friction coefficient
and spring constant of the equivalent pendulum, and practical

implementation of the presented controller. In addition, the
design of a tracking differentiator to calculate the derivatives
of inter-loop control parameters to improve the performance
of the controller may be studied.
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Fig. 1. quadrotor-pendulum system [11]

Lol winly ol 1) 0gs Jyus™ (hgy (wisu 1 (g0de (gluwandd gls
2 wsan gl o (ol wlats (gl 1) (63,509, V0] )Sen
2 e gl 5,9, 0l oty oS yoie g59leS sl SO (YL
Cambge S 10 Sigl s o B & el by Joo S8 b
Ol | gl lacusde Sl )gig)lsS shag & (Jb ) sl (g350e
g 9 osSne Sl (lojon s | (6 talil po3 a2 )3 (iludigy S
38kas s308 (siloand @l S L gl S e ol |y g0l
OSon 5 S 5393 51y 355 (ool S 3,503, sl
3935 31 50 odlitl b (g g 53,5 il $1SY— gl olaa
9 EREAW £9d 4y )9lu Lo )l oslawl b gy JAA S5 (8d908
e Slp 1) ogSan dine S 9B o 093 lmggy sl )
wolg > bl 6,8 slaidin [VW] addllas olul 5 5ol = 4g59,0158
s9lo 3l (LS oase slagiloand b Sl 095 (S 6 el
Jobs ot 1l Sigl 05 ol 5500 Gile yile oYL i 2

Aoy S5 YL, ol ol 13 L) egSan gl SawMS J 48 aliane
(i Lf"“" dlmg.,‘.”b L\.u] oS Gy (B ...\3]5.); =y u;bm PWES
odlzul b g Llodygl cowd 4 (cloply (cli o )3 g ygSuw s (3 1,
Sealid sl 2 3930 Sl Jite (irogs sjlone wy SB ]
S S8 Jolb o J5S I o oS e s5iglsS
Lm“j Slodges (Sl ol gl s (pl Jo> cn] Slygsens jlu las
Slosly L as slayiolojl b1y 3¢5 008 J S juel Cubbge 3 Slas
sl G (Seolind Jro 93 o pledl Ly p 4 W] oK ¢ 550001,
S5 1y odmy whae S 45 sSne (99,5 Sigl Sy g 5990058
o L59)§ &9‘ A_go J.AL» LQj (S ) D990 s Ju.ol.))é WD o
oy 598 0 ot 939,058 dlag 5l o3lil b (e390e Cygo 4 &S
Salizd b duglio )3 1) osSne Sigl Saliys 0aiiS 118" (b sy
il (ool (5035 J55 53505 58 15 BIS ol & i 1S
lalas b ablio gl orizmen ol 351 59,8 ogSae Sl s
GG aleg )3 9 285 000 045 Cugil (bl (g) Sl sl S

Yol



01158 Lial ey Uil IS mises | geans b 4 1558 o3lial _oxdanw
Caslodd (b s 4 culSil Ghe) b oS cul JpuS o5l S
319 JyS eplyml b g siloand mli oxiw do gl bl
oS iz fl g 23,8 oolatal (gjlome Cusdly bome g dia Jl38l p 5
Colas e uini ol yots 4 gl (jlu Jolato idly LS 1y 3¢5 oS
& olol ()] (oS S S il ealisl b 35 )559,0158 bawsgs
s polie o ahlS ulord plool V] edllio )5 3 clilizel b
29> 42y (bt )eVeS,) 0aiS S b bS5 ead &) eaiS S
oS S s g ol 4B)S )5 dulie 3)50 jludnd S e
oy 2 ok S IS Sy o o <Caslodid 00l L5 o sl
p xS JyuS 2Ulg g 0ad 03 ) 4 e ©jg0 4 55590l S
226 5 Gilogl 3,90 lalizel lis ) ol 051 plio 5 (5l Lt
s 555 0128 S S ) oolial b [¥Y] alio 15 al 45 5 415
JrsSculoss sl ail dems @ 0355 g, lawes 45 93 4> jd
oSl @by &y50 Sigl aygly (Giloyluk olyen 4 439,008 e
5 205 3590 Cilisa (glanslodund plosl b o 2ly] oS J S o)l
b )gig)3lsS a4 oo (pogSine Sigl (53l )lsly Caslad S 5 (g
N3 adlas 5)50 VY] gellio )3 5 e & o5 (hg) & (s par S99
Canebly Lao 5l 03litil 5 (5 jloensd b o5 1) gy alylS 5 i S
Caolods b5, Sl gomw (5jbro
Jol o JpS s 55 S o pob ploa il gdllie 5
by el Sllas plosl (999,018 & Jate (49,5 (posSne
G sl 485 )5 adllas 3,90 il L8] (clacii (5o, » clls
o 8] s S5 b oled 3 gl adllas (1] )3 eiomity llllas
s (s J S Al 025488 a5 53 g0l 4 dg L g e
ol 4285 1,3 dalllas 3,90 pdans 4y (51 51)lg (6950 5 Sl (slel 2
5259955 plas (53l Jae walllas yl ol 6yl S0> )l 4
oS S (Al Grizman g o (Bl g Sy L poled )3 Sl
Je 1zl pglate oy sl Sigl (slol (sl Cumbgo 5 9,8 Sk pmn
gho S b ol 3 & sSae Sigl 5 5559,0058 s (Selizd
@ waw g Syl Jols (gilo e b e g ol o @8l,) ol a3
e Ak orin JuS (9B G — e plane S G0
2 Ol o g s & Ja3b 51 0)lg (595 (s J S (sl (opmlie

O3B eolainl b dtu)lte i (g)lul Cwlond b mdaw g,

YoV

sS4 0l Sisl 25 )l ol 4 5) (99908 Cusbye 1 355 Sl
5 B YL & gy (63908 Caunlgo jd By dS g 055 > YU Ceows &
Sl 2, Ghey S Bl il Hho 4 S35 el o B ey
DAL ohlSen g sian canl (5551 58 il ool Ban ol 4 (ol
hgy ol 3l ealitel L 1y gl = 5593158 s J 1S 9 (5l At
e o el 1y ilio JyS slagt o)l ol 038
9 4 y99,0lsS o (Y Sl (sl Sl & (e 9 YL 4 (iS2
3 JSite ol (S 5 s 28 (2l iS5 S g0
oS S8 Sy 9 Vb o & gl il 2 el 551 S8 S
Ghie S izmen Cusl ol (3,5 Jolto gl g 423 b Y5,
b b ©ogo 4 Sigl 45 g altus ol (0155 el S
$3g08 Cunbgo 4y By g 095 Jolaie 9 A5 €8 > Vb Cuow 4 (o2 >
08 prandS yol cpl AL LB yao 4 K05 Sy duy 0 YU 4 g,
abis )3 1) Sigl Wl o 93 42> o )5S, 0SS oS 5
B il gl &) L o] S Jsbite 5 03,8 S o] oo
Lo DA o 5 5l izdliS Linles 4 1y 355 008 J S ik
018 J S S gl a8 (Byme |) Sigl = ygigp0lss” (Sealiys Juo
gl = 139,305 e JHES 4 Sy 35 (gl e 4 Sl
oy & b Hlis gase slagile and &l L 5 ol Dl 1)
LS s o5 4 |y )g9)3lsS gl s Bl oo (o2laidny IS
Vo] oh)en 5 labsS S colin algsds Cuxbge o a1y o o
So olyie a9 y8ele o plgie 4l Dple sk el
Olgise 455 & 391 ol gl Lol JSo i8S s 5 pagSian Sl
Lol 358 ot 593158 €8> b (53908 Cumbge )3 ) o5Sne K]
Sk S g9 (oS ggw laodlS RIS 395 ofgp 5
25918 0k 5 waSne Sigl ot jlaie @ |y sl g5 5 T B0
Iy 35 i o)) aBilejl slacus b colys 3 9 L3 ) 4
|y Sigh 5593158 mtmsms [PV] oyl 5 (pudlS 2228l iles &
Sealod 93 2 (58,5 i ) b g BLSY bl an Jge )3l eslinal b
S b Sus dg2g pas > 9 005 gilese 55590058 5 Syl
o 5l oslital sl 4zl (gl Juoli 3 1y ¥l 68 ojl bl
5213 ey Sigl g (s sl |y 139,055 (69 2 6yt o
dus o )ltal (sl S 5l ey 048 S8 (Sl (sl ppien

1 Linear Quadratic Regulator (LQR)
2 Proportional Integral Derivative (PID)




salaly I oy o

_ e3><(X, ><e3)
fi Sy “e3 X(Xt Xe3)H

ol ol cep Jhp X ol a8 oyl a4

T
e ol ) iy SWlaol cops gty g e =[]
9 B)ygig) oy b (ol 53 5559)05S Cas s &S 395 1558 ST B)b

3959y 2 odd Mgi gLt g sl S (695w Gl oo sl j2 b B ]

Oype 4 )
0, =do’ i=1234 (v)
T.=beo’ i=1,2,34 ()

coip 4 bl 4 & s b plie d g b oS 2905 (s3le e
PG e B g dsS o0 by lulS oyl g Sl oyl
5 bygiy) cid 4 o Jlal 5 (Syg0 53 iz o [YF] sl 5,
P S gl g Cusl 5 (595 Olgie Bl o (BB 508 4 e g5
by can & bl 1.l S Jai s ol gy cad il o ) &
38ele ¥ g ¥ goyled slaygig) g 3, Seludl ¥ g ) ojled (sla)o5,
5 sk Yo ) ojlead slaygis) S50 j5lisS sl 4 jlas )
Oy Slud )b drgi b gy dalgd 0 Saelusl ¥ oV go)led (sl )93,
Sgo 4 )59l 9 gl 2 3y (slaygliiS g g s o3l p1,SL> a5
Dy daled YIS
C My o9 My Loy & gl g Jesb e JSE cal
olSiwd i o Cawlodds o3 Lisles g b S Gl by (go3lu]
s (saliols &5 cuslors Juate s939,3058 > 530 4 {B | claisie
s sl o3l iles 1 g nl Sy Lnygiy 51 Koy yyee b ]
Mg Sl 8 Cgzlea sosimd (iled {E} oenke
X 5 X, Loy @ gl o 5550 5 Sigl o2 5550 o

Llgy opg0 pwled jloolaiwl b g oald L

290 Gblad (e Llod glaby)  ogde wad @) IS
48,5 J1E wyyp dyg0 0 (il I oalaiwl b o wiis 58 ool
Seolizd Jols o 59,3155 JolS b Jao dosilotgnys ol
ol b9y il g o SpsSuog s Sl g9y eyl HgliSeygi9,
o o0y )K & ‘LQUT CJI)J‘ J.»Lnn » b.a\.o.SJ).A.S O 39& u_:l)))l dl).g
b gilwand ) oaiS S oLl 538y o)l opminen sl
ol a5 0 Lol pen dlaie g ol F 5 b oS S lawgs (o)l pools
35 04 Jy5S dg palie Dyl o Oy cledbl Jisl by b
o Hlidle .l oads Objl b gilwans (o 30 olslael Jlbe
oylS 350 0 (ldonds Jol i jo oS Cunl zb opl 4 b
ous Sl 5l (gadllas Cuanl g Jimgh dindey 959,158 02 (5!
3l = 539)0058 s UL g5 5l et 93 (B3 5 g e
hb (o50 pow LiSu ) g gl sl o] (Seolis ¥olee o oolgiin
Gilwdasd gls pilea Hisu 50 g bl o cslons &l onis s
2 Cawlodd wyy g Judoo i &l Jdo ol 0aiiS’ s 5, Slos
& sk o @l 5 S Oy slacdld UL sy il

Ll 045 001 T L5.”.<>>| Oygo & G}T Olalllas )l.,\.:lw a‘)@

5 3o -
S oSl = gl s S (2l iledae Gl

Gy b oS cwl pl olus,d pl des 5l cawlaid § O yeo s,
Canlods 3,8 a5 > adllan ol 3 ugSan Jobil (sl 48 (60,8
ol Skl > & Srate par Sy Syg0 4 ]y Jgil degee e
bl el S5y b cdllas ogase Hnl 1) g0 453 )l )8
2 sl ot Sogl (galoo b amalie 3 o py g 3,8 0 418 Jguil
ol 5 39550 3y S3gl 4y y5i5)3lsS 31 A gy 88 il ol
098 g anlgs Sl il dlazal p3 s dalgs ool Lioles T L )]
P S p baie Yool 1l 459,008 4 Sigl Jlail Jomo el
ol (59,8 Jlail g9 5l Jlail (ol &7 (pl 0 a2 b B Bl 959008
ol 2 4 ey 5 A8l 52l 59,008 90 Seslins 2 Sl b
Gopss 0l 105 tals 3y ] & s b ) ot SISkl
SKlasl 95w 40y g o3l (il [y b aaw Jodll (uSe (3g0s

32 alys Josly (Sl o Bl sl cr SV 3 o5 f

YYoA



Ye

J9l 9 )959)3155 2 3,15 (Sla gl 5 Lag i BT ol Ss ¥ U

Fig. 2. Free diagram of the forces and torques action on the quadrotor and the pendulum
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Fig. 3. Schematic of spring-mass model for vertical dynamics of the pendulum
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Table 2. Magnitudes of the controller gains
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