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ABSTRACT: Modeling uncertainty in the form of additional gain and phase and calculating
robustness margins based on them is one of the standard methods in designing robust control systems
and comparing their robustness. On the other hand, one of the prevalent methods of robust control in
the frequency domain is “Quantitative Feedback Theory”, which, due to modeling uncertainty in the
form of parametric uncertainty with a specified range, faces challenges such as the inability to compare
controllers and non-automated design. Additionally, the system’s conditions for parametric uncertainty

values outside the design range are unknown. This research addresses these issues using uncertainty
modeling in the form of gain and phase within the quantitative feedback theory method. To this end, a
combined margin consisting of gain and phase is introduced and calculated using a modified Nichols
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. " . o o . Uncertaint
chart and inequalities related to design criteria in the quantitative feedback theory method. The position ' y
control of a DC motor is selected as a case study, and an optimal and robust proportional-derivative Gain Margin
controller is designed for it. The results are examined both numerically and experimentally which show Phase Margin

that the proposed method effectively overcomes the shortcomings of the quantitative feedback theory — Quantitative Feedback Theory
method. The controller designed in this manner gains more favorable results than the controller designed

using the conventional quantitative feedback theory method and even maintains its performance better

for parametric uncertainty values higher than the design range.

1- Introduction

Uncertainty is an inseparable part of modeling and control
engineering. A variety of approaches has been developed
under the title of “Robust control” to confront this issue.
One of these methods is Quantitative Feedback Theory or
QFT introduced by Isaac Horowitz in 1959[1]. This method
applies different constraints to evaluate the stability and
performance of control systems. If a system is feasible
according to these constraints, then it is said to have robust
stability or performance. To evaluate the feasibility of the
system its parameters are supposed to be uncertain and a set
of random parameters is used. The calculations take happen in
the frequency domain. If a system satisfies a constraint along
the whole frequency domain and for all these parameters, it
is said to be robust from the point of view of that constraint.
QFT is an applicable robust method that has been used in
industry and academia [2].

On the other hand, the classical approach to evaluate
the robustness of a control system is to calculate the gain
and phase margins. The gain margin is the amount of gain
added to the system to make it unstable. The phase margin
is the amount of phase added to the output signal when the
gain is constant before the system becomes unstable. Some
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studies are focused on presenting hybrid margins which
simultaneously use gain and phase to evaluate the robustness.
Disk margin is one of these methods which calculates a
hybrid margin based on disk space [3, 4]. In fact, the margin
is the radius of a disk that contains the nominal point. This
area is illustrated in Fig. 1.

The main aim of this article is to find a way to use
these margins in the QFT approach to help it calculate the
feasibility of the constraints more easily and make it possible
to compare different control setups. To achieve this goal the
representation of uncertainty in QFT structure has to change.

The new method, called robustness margin-based
quantitative feedback theory or RMQFT, uses the added gain
and phase to apply the effect of uncertainties in the system.
Therefore, the conventional parametric uncertainty is not
used in this approach. A hybrid margin can be determined
using the gain and phase.

2- Methodology

In the presented method, unlike the conventional QFT,
a combined gain/phase variation is used for uncertainty
modeling. Consider a 2-DOF control structure as plotted in
Fig. 2. Control Structure of the introduced method:
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Fig. 1. Disk area to calculate disk margin[3]
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Fig. 2. Control Structure of the introduced method

The output, error, and control signals can be calculated

as follows:
PAGF PAGH
y= r+ (PAd +d)-————n (1)
1+ PAGH 1+ PAGH 1+ PAGH
F H
e= e+ (PAd +d)-———n (2)
1+ PAGH 1+ PAGH 1+ PAGH
GF GH GH
u= r+ (PAd +d )-————n  (3)
1+ PAGH 1+ PAGH 1+ PAGH

Using these signals different measures can be defined.
These measures are the upper or lower bound transfer
functions of the systems. The most important ones, including
the stability, control effort, and tracking measures can be
calculated as follows:

|y |_| PGe)G(je) | _
O 7 I 7
| yGe) || Gl
2O G| [T PGoGGa) 2 R O
_|yGo)|_|PUo)Glio)F(jo)|
6310(w)ST3(w)_\r(jw)‘_\ 1+ P(jo)G(jw) ‘Sﬁ}l‘l’(w)’ @l (6)

3- Results and Discussion

In order to investigate the performance of the proposed
method it is applied to control the position of a DC motor
both numerically and experimentally. The experimental setup
is shown in Fig. 3:

In this step, two control setups based on QFT and RMQFT
methods are designed. The design constraints include the
stability (SM) and tracking (LTM & UTM) measures. The
controllers’ coefficients and the value of measures are
represented in Table 1:

Fig. 3. The experimental setup

Table 1. Controllers’ coefficients and robustness margins

Controller Ko K SM LTM UTM
QFT 0.025  0.019 598 1.86 0.96
RMQFT 0.047  0.017 442 2.14 3.06
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It is expected that the RMQFT-designed setup has better
tracking performance whereas the QFT-designed one has
better stability. These setups are examined both numerically
and experimentally and the results are illustrated in Fig. 4
and Figure 5:

The results show that the RMQFT design has better
tracking performance as expected and the probability of
failure is this design is less than the conventional QFT
approach. It can be said that the robustness margins are
effective measures to investigate the robust stability and
performance of the system.

4- Conclusion

In this paper, the concept of gain and phase margin is
applied to calculate robustness margins for the stability and
performance measures of the QFT approach. These margins
make it possible to compare different control setups. They are
applied to design controllers to control the position of a DC
motor. The numerical and experimental results show that the
new method can lead to better control setups that have better
performance.

QFT Design
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Fig. 4. Robustness margin in the modified Nichols chart
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Fig. 5. The experiment setup
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Table 1. Estimated motor parameters
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Fig. 6. The output of the PID controller designed with the Zigler-Nichols method
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Table 2. QFT controller parameters
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Fig. 7. Design Bounds for the QFT setup
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Fig. 8. QFT setup response in the nominal condition and in the presence of uncertainty
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Table 3. QFT controller robustness margins
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Fig. 9. QFT controller outputs for uncertainties more than 20%
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Table 4. RMQFT controller parameters and robustness margins
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Fig. 10. RMQFT controller output in the nominal condition and in the presence of uncertainty
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Fig. 11. RMQFT controller output for uncertainties more than 20%
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Fig. 12. POF of the controllers in tracking the setpoint
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Fig. 13. Comparison of robustness margin for the upper bound of tracking in the controllers
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Fig. 14. Experimental results of the QFT and RMQFT controllers
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