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ABSTRACT

In this paper, the influence of a dynamic vibration absorber on controlling vibrations in thin beams
subjected to external excitation is examined. The primary objective is to compare the effectiveness of a linear
absorber against a nonlinear one in order to attain the greatest possible reduction in beam displacement. The
Timoshenko beam theory is.employed to model the dynamic response of the structure. A cubic geometric
spring is introduced to generate both linear and, nonlinear restoring forces, enabling optimal spring parameters
to be identified in each case so that beam deflection is minimized. Linear viscous damping is assumed
throughout the study. Unlike the Euler-Bernoulli formulation, the adopted Timoshenko model incorporates
shear deformation and rotary inertia effects. Accuracy of the numerical results is verified through direct
comparison of the two beam theories. Findings.are further validated against previously published results in the
literature. Because beam amplitude may be amplified=at multiple excitation frequencies, the number of
absorbers is treated as a free parameter, and the governing equations impose no restriction on absorber count.
Results obtained with both beam models are presented graphically, and a detailed comprehensive comparison

of linear versus nonlinear absorber performance in suppressing'the dynamic response is provided herein.
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1. Introduction

Mechanical systems often experience harmful
vibrations when external excitation frequencies align
with natural frequencies. Since altering the excitation
frequency. or modifying the main structure is usually
impractical,» a secondary system «<called a dynamic
vibration absorber «is attached to the primary structure.
By properly tuning its mass, stiffness, and damping, the
absorber significantly reduces the main system's
vibration amplitude atithe target frequency. Due to their
effectiveness and<practical value, dynamic absorbers
have been the’subject of extensive research. The first
practical absorber was intfoduced by Ormondroyd and
Hartog [1]. Brock later added viscous damping to
improve performance [2].Subsequent studies optimised
the stiffness and damping of absoerbers for various
discrete systems, including selfexcited machines and
vehicle suspensions [3-8]. The idea was then extended
to continuous systems. Yang and Jacquot applied mass-
spring-damper absorbers to thindeams,with constant or
variable cross-sections [9,10]. Later work included
beams that take rotary inertia and shear deformation into
account and nonlinear absorbers for beams under
moving loads [11-13].

2. Methodology

The methodology begins by modeling a thicksbeam
resting (Figure 1) on simple supports and subjected to‘a
concentrated load that travels at constant speed from
one end to the other. Multiple dynamic absorbers, each
consisting of a mass, a spring and a viscous damper,
may be attached at arbitrary locations beneath the beam.
Both linear springs and nonlinear cubic springs are
considered so that the performance of the two types of
absorbers can be compared.

The beam is treated with Timoshenko theory, which
accounts for rotary inertia and shear deformation, while
a parallel Euler—Bernoulli model is retained for
comparison. Kinetic and potential energies of the beam
and the absorbers are written in terms of the transverse
displacement and rotation fields. These fields are
expanded as series of modal shape functions multiplied
by time-dependent generalized coordinates. Application
of Lagrange’s equations then convert the governing
partial differential equations into a set of ordinary
differential equations. The moving load is introduced
through a Dirac delta function that follows the
instantaneous position of the force, multiplied by a unit-
step window that is active only while the load remains
on the beam. The resulting system of ordinary
differential equations is nondimensionalized and solved
numerically by an adaptive Gauss—Kronrod integrator
implemented in Mathematica. Material properties of the
beam vary continuously through the thickness according

to a power-law mixture of ceramic and metal, allowing
the influence of the gradient index to be examined.
Optimization of absorber location, stiffness and
damping is performed by a systematic grid search that
evaluates the maximum transient deflection for every
combination of design variables. Convergence of the
modal series and independence of the numerical time-
step are verified before production runs.
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Fig. 1. Schematic view of a thick beam with constant cross-
section, simply supported at A and B, under a moving load

3. Results and Discussion

Results obtained with the present formulation are
compared with published benchmark solutions to
confirm accuracy, as shown in Figure 2.
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Fig. 2. Comparison of the present results with the work of
Georgiades and Vakakis [14]

Validation against the benchmark solutions of
Georgiades and Vakakis | [14] shows _excellent
agreement for both displacement amplitude and decay
rate, confirming the accuracy ofthe present numerical
scheme. Replacement of a homogeneous=aluminium
beam by a zirconia—aluminium functionally _graded
beam reduces the maximum deflection‘oversthe entire
speed range (see Figure 3). At a representative’ high
speed, the peak deflection of the graded beamds roughly
half that of the pure aluminium beam. Systematic
variation of spring stiffness identifies a clear optimum
for both absorber types: the nonlinear absorber reaches



its minimum peak deflection at a distinctly lower
stiffness value than the linear absorber, and the
optimum is broader, indicating greater robustness.
Raising the material gradient index increases the metal
volume. fraction, lowers the effective bending stiffness
and therefore increases the peak deflection;
simultaneously the residual stress concentration near the
ceramic—metal.interface is reduced (see Figure 4).
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Fig. 4. Maximum displacement versus velocity for an
aluminum beam compared with a functionally graded
beam
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Fig. 4. Material distribution through the thickness of the
beam

4. Conclusions

The results show that a functionally graded beam
alone already reduces the maximum deflection
substantially compared with a uniform aluminium
beam, mainly because of the high Young’s modulus of
the zirconia-rich upper surface. When an optimally
tuned nonlinear absorber is added, the reduction
becomes even more pronounced: at the principal
resonance speed the combination of a low-gradient-
index graded beam and the nonlinear absorber cuts the
peak deflection by more than 60 percent relative to an
untreated aluminium beam. The nonlinear absorber
dissipates approximately 87 percent of the input energy,
a figure that remains essentially independent of beam

length and demonstrates its broadband effectiveness
across a wide range of moving-load speeds. Direct
comparison of the two absorber types indicates that the
nonlinear device is superior in minimising peak
amplitude, while the linear absorber retains a slight
advantage in total energy absorption. Increasing the
material power-law index raises the metal volume
fraction, lowers the effective bending stiffness and
therefore increases the maximum deflection, which in
turn affects absorber performance.
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Table 1: Geometric dimensions, specifications, and mechanical properties of the beam components.
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Table 2. Specifications of the absorber and the beam for analyzing the effect of beam length.
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2l A1 (Jyaxe i b anlio 1o pariaagll 5 LisS 5 5l oadaizlo (b gpae o ookl o5 sms o Lt @b
JELLIES Y 0905) LigS 5 oYL Kb g yials ol ol cde (A JS5) a0 oo (ialS S iyl e oo 005050 plod
5505) 35 GalS i a3 o Sl (8 S ysb &y 5 pad st o5 Sl (oseagl] JILISS Vel o
5 Cowl yiSTlas Ol )l aiels 4l ol jo 15 wes oo &) (Al 5 2o Ve U Y 0g0 Caeyu) walld axl j0i(0s )0 Y--Y0
52 RS Vb slace pu 5 (SSlvlad axb) Gl lace s j3 010 1) 230 0o yiin (Sl 51 (26 BBl (i 51
VAB Jgore 1 o3 chad Jla oo ) (oull 1 o3 il %0 B0 Sy 50 (rizmen el 00300 5 NS94

b oo o Selus Qi LSy ol 7 jow slge a0 Sl caimoylid 4S5 Cal ooy 51 ol el
ol dglio 5 oy U JSS lologad ( >ib oyl )y (silwatgy an T 5 (Seelins Slastine 380 Jlov jgliien,
Wil e $Sibyess 5 Jyimohsl 6y95 50 elal A e lay olmlr Slas o st Ol T
Jao 39 50 goly (slogimin il saaline b5 oxSo as o (Sealis Gila Sl sl (o o) & JSE 1o 45 sl Lo
e 8 el 1,38 Sl (s3ltina sl dingy (sBs 31,5 S 0325 0aimd s o At s s ity S 510 55
S5 JJagas ol sblio yo oo ) )+ aigy (b b (s 03l 8 5T ool limo S 1 ot 3l b 5

\Y



B> 55 ol ot b b e b 45 amo e ol oyl platsl ot Lilr oSlee Ll 4 45 (Gl o) &
U (e Olgre 4 V00 - patidne o3gaze )3 1) 5okl (2l Kes L8 oSilisens 5 s shisl 5 6095 9 8 Gl e
il oo lis uilS 3 Sy o ot Ldls a1 a8 a5 e Bl & USE 5 (g loges BlE 0,08 o Liales 4 s
Sk Sletr LS 5 6o Sllasl ansls @ aly 1S o0 Suale o 4 (oS (oS OO Lol (5 g0 (S

590 o0 mol 8 S e b o 1,38 ol i slaasals oSy ol

3 4
1.58“0 T T T T L T |.92X]O : r - - T T T
—=— Bernoulli

1.57F —=— Timoshenko [
—~ 1.9¢ s R
= _— —
< 136 z B.ernoulh
) g | |- Timoshenko
5 ec & 1.88
§ 1.55 Tmi
o 5
a g
3 1.54 E i
5 E
E 3
z 1:53 S
= 1.84

1.52

1.51 1482 —l L 1 1 1 1

0 1 B 3 4 5 6 7 0 500 1000 1500 2000 2500 3000 3500 4000
K (N/m) x 10" K [N/m]

Fig. 9. Design diagram of the optimal spring stiffness'for the nonlinear absorber (left) and the linear absorber (right).

1.6 T ——— T  — iy 200
Bzt i) = Uniform Al (Reference)
=+m e« FGM (Z10,-Al), 1=02, E ;= 177.7 GPa
1.4F -em o= FGM (Z10,-Al), n=1.0, E ;= 135.0 GPa ] 180
FGM (Z10,-Al), n=3.0, E = 102.8 GPa

g
E -
I
=
£ 12} Sheo
(&) ~
= o
3 P 140
g 2 18
é 0.8 - E
2 ¥ 100
£ 0.6 1 3
5 o 4 . . ”
= / T s g 80
04p--7 g T A o -
1 Se et I —————., s L 60 n ) A -t A I 1
0 20 40 60 80 100 120 140 S04 3 2 - 0 1 2 3 4 5
Moving load velocity V [m/s] Thickness coordinate z [mm]

(g2 Comw) i 1535 Zewly 50 (N) 00bo (ylgi il (Gl y Coouwr) g’ Colied (gLl y yo Sgngs jo7 085w 1Y JSCi
Fig. 10. Material distribution through the thickness of the beam (left) and the effect of the material power index (n) on the transient response
of the beam (right).
(Dlaels Sk 5 SO oBaus 3l aws oo lis Cwls sliwly jo slas mijes m ) (Sl muje e ls 8B S (o
2 ey poiaagdD) (5318 oole ppw a5 Cusline onl 4y parieagll 5 LS 5 5l eadaislo (b gy 5 50 () ole ol Ghol33l
phel Gisu (Y Mie) Gl SN 289 i o S | olge oz e (Slo 9 1) b oo st 8 JS 4B,
e (S dzeid )0 el 8 g a0 SHU A Ladd g 0gd oo p YU KL Jgoe b LisS 5 Sl 5l 8 Cloes
@ 0lge mjes LY AN ulEl L g, o YU b sl S 3 5wl o eSS las o Al ioliEl ol 4 8 Jolee
J&Mgow).a'ﬁffua(;pa‘*\ Wﬁ\vaﬂ\v‘ﬂésb)‘AJ[;@&[Sf}A&bJsMgJJGAMJlSwW

YA



Gl sl o 35 oled gelans Su05 55 Lol ayad Hlol,S SarsS (GlaN o Cprizrad Ao co i oS e 4l Cow (g iy
Sl 6508 Wlowy Sl 25 5 00 ey el JWSl 15,5 slan o a5 o 5o 098 e laY o o2n sla i Rl
95 El) s SSlas o phiaige SO QB ulpln 090 e 0l 2 bl wlioe GRIFIN az e 005 o

] 1S 38 0 JBla

S S Az -F

Ui sle s Slils )l oS o (o) b é g e (Swlus slocidls oSlas pw)p 4 casdlas oyl o
S5 gt 5 @heis 5l eoliiul Lo aisls p 5 ymie b SO0 ot (58) pawineg] g (Senl i) LigS 15 S 5 5l endaslu
Slp e 61,35 mul o S 5 g, 4 Jeere Jedlians OVolas olfiws 4 S il ms SYole Jas
Sk Jeow Jdo as (2lets 4 b 700 dlge 5l eolaiul 45T ams o ol mls s )5 gileand S e b B slacas o
L ans (1alS CH155S, apairoll s S sz BB ol & |y 55 S Wlgiise 8 Vb a8 LisS 5 Y
Sae e )3 85 (5 y5b A i oo S5t (St Ol 4|y 28 (nl iceslie o2 b (St (Salus Q3 3538 (>
G o S @ Cod w0 £ 5l G0 U s ST gy e e Q3 g ol oole Gl b s oS e Lol wpais
Shade el aS oo 1) (69955 (55 5lde,0 AV sgus SNl g i Hllss s 8 Ol umen a0 o 1alS Q3 e
uéb o;l.o.c MLM ] J)M )la 6LQC,&JM: )I =9 u.,..la B Qi J.:lauers b)iLo.C OMJULM 9 099 )"-‘ J}.’o )‘ JM
3 b D a5 Jb s o)l e e ,Ses il als iSlas alS je a8 O3l as ol lis b 8 g s
o ot cole l5 L oS ol las SIFEhes gl 55 esle Blgs Fl o il i (Sl eadioda 6351 (00,5 aian
25U o s il o ,Shas g aly oo a3l STas S AR 0 a5 Wl LRalS e UL Jsde g oo jiins 5 L, o
el sl anzeeS 5 Jldnl g g)lel, hage Selus Q3 b (ul gioe dlse S cggame )0 055 o0 1S
iz als Lo a ]y ole (Kt jae Job 5 SSIeET (ol e 4 s o &l S e b Cow le s ol )]
3l eolainl 5 g olge digy ez S o il ‘GYT Sldlae [0 ool @molpiing wad oo (ial¥l (log b S slass

RyS L8 Gy 050 YL (S pd az o b (e l sladlr

(M?) 555 et o

(M) pljrodlr crai cosdse
(NS/M) o3 55Sss (ol o o
(N/M?2) acza¥ Jgoe
(N)S 2 (555

(e e

Sl g2 dly 25

(M) ghaie g (sl Gloe
LBl IS sl
(NIt g
(M) 5 Jsbo

(kg) s Jse >

(k) st 2
(N) by o3 g

(M) 25 agoe Slaises

(M) il oogoe Slaisn

T
Do o033 r X —260m1mmoOs >

(N/M) oy 25

'4



Dt I otz g5 T

(8)ole; t

(D) it IS il 5,1 U

(M/S) S yxie b sy v
g pdle

UGS JPIS N

b 8 4 S il
(rad/s) <. ;o5 ils 5

(radfs) .5 b puils 3 O
(rad/s)osls ambs uils 3 ©j

5 o il pyz s H

e O ™

Ol S

(rad) jies 51 (26 s

S o5e S50 26

(kg) s J&=

otbaalats L3l aprs eilS 3 g

3l gl ee S

v A o B <€

&=y 9 ol —A

[1] J. Ormondroyd, J. P. Den Hartog, The theory of the dynamic vibration absorbers, Journal of Fluids Engineering, 49-
50 (1928) 021007.

[2] J. Brock, A note on the damped vibration absorber, Journal of Applied Mechanics, 13 (1946) A284.

[3] J.A. Bonesho, Y. Bollinger, Theory and design.of‘a self-optimizing damper, in: 7th International M.T.D.R.
Conference, Birmingham, 1966.

[4] J. Halz, C. Aggarwal, Designing optimum dampers/against self-excited chatter, in: ASME Winter Annual Meeting
and Energy Exposition, New York, 1968.

[5] D. Ardayfio, Characteristics of the dynamic vibration absorber with elastically supported damper, in: ASME Design
Engineering Conference & Show, Chicago, 1976.

[6] R. Jones, Control of helicopter vibration using the dynamic antiresonant vibration isolator, National Aerospace
Engineering and Manufacturing Meeting, Los Angeles, California, United States, 1973.

[7] H. Esmailzadeh, Design synthesis of vehicle suspension system using multi-parameter optimization, International
Journal of Vehicle System Dynamics, 7 (1978) 83-96.

[8] H. Esmailzadeh, Multi-variable optimization isolation of road vehicles, The Shock and Vibration Bulletin, 48 (1978)
85-96.

[9] R. Jacquot, Optimal dynamic vibration absorbers for general beam systems,Journal of Sound and Vibration, 48
(1978) 85-96.

[10] R. Jacquot, J. Foster, Optimal cantilever dynamic vibration absorbers, ASME Journal of Engineering for Industry,
99B (1977) 138-141.

[11] H.N. Ozgiiven, B. Candir, Suppressing the first and second resonances of beams by dynamic vibration absorbers,
Journal of Sound and Vibration, 111 (1986) 377—-390.

[12] D.N. Manikanahally, M.J. Crocker, Vibration analysis of hysteretically damped:mass-loaded beams, Journal of
Sound and Vibration, 132 (1989) 177-197.

[13] T.E. Shoup, Influence of shear deformation and rotary inertia on vibration frequencies via Lowe’s equations,
Journal of Sound and Vibration, 57 (1978) 516-522.

[14] D. Grant, The effect of rotary inertia and shear deformation on the frequency and normal mode equations of
uniform beams carrying a concentrated mass, Journal of Sound and Vibration, 57 (1978) 357—365.

[15] A. D’Souza, V. Garg, Advanced Dynamics: Modeling and Analysis, Prentice Hall Inc., 1984.

[16] H. Esmailzadeh, N. Jalili, Optimum design of vibration absorbers for structurally damped timoshenko beams;
Journal of Vibration and Acoustics, 124 (1998) 833-841.

[17] Y. Hua, W. Wong, L. Cheng, Optimal design of a beam-based dynamic vibration absorber using fixed-points
theory, Journal of Sound and Vibration, 421 (2018) 111-131.

[18] W.O. Wong, S.L. Tang, Y.L. Cheung, L. Cheng, Design of a dynamic vibration absorber for vibration isolation of
beams under point or distributed loading, Journal of Sound and Vibration, 301 (2006) 898-908.

[19] H.L. Sun, P.Q. Zhang, Application of dynamic vibration absorbers in structural vibration control under multi=
frequency harmonic excitations, Applied Acoustics, 69 (2008) 1361-1367.

Y-


https://www.sciencedirect.com/author/7004995471/malcolm-j-crocker
javascript:;

[20] F.S. Samani, F. Pellicano, Vibration reduction on beams subjected to moving loads using linear and nonlinear
dynamic absorbers, Journal of Sound and Vibration, 325 (2009) 742-754.

[21] J. Lee, Y. Dong, M.G. Lee, Passive vibration reduction with silicone springs and dynamic absorber, Physics
Procedia, 19 (2011) 431-435.

[22] S. Dipak, M. Rajarathinam, S.F. Ali, Energy harvesting dynamic vibration absorber under random vibration, in:
2013 IEEE 'International Conference on Control Applications (CCA), (2013) 1240-1245.

[23] W. Yang, Y. Seong, S. Jeong, J. Park, Vibration reduction using meta-structures composed of tuned dynamic
absorbers'employing mass impacts, Composite Structures, 183 (2018) 216-220.

[24] Z‘D Xu, Y-Q Guo, J-T Zhu, F-H Xu, Intelligent vibration control in civil engineering structures, Elsevier, 2015.
[25] Y. Tai, H. Wang, Z. Chen, Vibration isolation performance and optimization design of a tuned inerter negative
stiffness. damper, International Journal of Mechanical Sciences, 241 (2023) 107948.

[26] X. Lian, H¢Deng, G. Han, F. Jiang, L. Zhu, M. Shao, X. Liu, R. Hu, Y. Gao, M. Ma, X. Zhong, A low-frequency
micro-vibration absorber based on a designable quasi-zero stiffness beam, Aerospace Science and Technology, 132
(2023) 108044,

[27] N. Su, J. Biany#S.\Peng,/Z. Chen, Y. Xia, Analytical optimal design of inerter-based vibration absorbers with
negative stiffness balancing static, amplification and dynamic reduction effects, Mechanical Systems and Signal
Processing, 192 (2023) 110235.

[28] J. Ren, W. Liu, W. Du, J:"Zheng, H. Wei, K. Zhang, W. Ye, Identification method for subgrade settlement of
ballastless track based on wehicle vibration signals and machine learning, Construction and Building Materials, 369
(2023) 130673.

[29] M. Zhou, S. Gao, Z. Lu, G#Zhang, Ensemble of long short-term memory prediction and variable universe fuzzy
control for seismic response reduction using electromagnetic dynamic vibration absorber, Journal of Building
Engineering, 105 (2025) 112510.

[30] M. Zhou, S. Gao, Z. Lu, G.«Zhang, Z. Xu, H. Xue, Vibration reduction of electric equipment using an
electromagnetic dynamic vibration absorber: Shaking table tests and numerical simulations, Engineering Structures, 341
(2025) 120808.

[31] L. Li, W. Cai, B. Li, K. Li, Design method and application in panel vibration suppression of nonlinear eddy current
dynamic absorbers, Mechanical Systems and Signal Processing, 232 (2025) 112753.

[32] Y. Yang, J. Xu, Y. Leng, B. Zhu, X. Wen,N. Qian, X. Chen, X. Su, R. He, Z. Lai, A triple-magnet magnetic-
suspension parallel nonlinear vibration absorber for low-frequency broadband vibration control, Mechanical Systems
and Signal Processing, 254 (2026) 114402.

[33] S. Park, J. Yun, Additive dynamic vibration absorbers for vibration, suppression in laser weapon systems, Results
in Engineering, 30 (2026) 111015.

[34] R. Talebitooti, K. Daneshjou, A. Tarkashvand, An exactisolution of three-dimensional elasticity for sound
transmission loss through FG cylinder in presence of subsonic external«flow, International Journal of Mechanical
Sciences, 120 (2017) 105-119.

[35] R. Talebitooti, K. Daneshjou, A. Tarkashvand, Study of imperfect bondingseffects on sound transmission loss
through functionally graded laminated sandwich cylindrical shells, International Journal of Mechanical Sciences, 133
(2017) 469-483.

[36] F. Georgiades, A.F. Vakakis, Dynamics of a linear beam with an attached local nonlinear energy sink,
Communications in Nonlinear Science and Numerical Simulation, 12 (2007) 643-651.

[37] J. Wu, Study on the inertia effect of helical spring of the absorber on suppressing.the dynamic responses of a beam
subjected to a moving load, Journal of Sound and Vibration, 297 (2006) 981-999.

A



Application of Dynamic Absorbers for Vibration
Control of Functionally Graded Beams Under Moving
load

Mahmood Raeiszadeh Kooshkghazi?, Ali Tarkashvand? Kamran Daneshjou? Majid Bakhtiari®

2 School of Mechanical Engineering, Iran University of Science and Technology, Tehran, Iran
b Sehool of New Technologies, Iran University of Science and Technology, Tehran, Iran

ABSTRACT
In this paper, the influence of a dynamic vibration absorber on controlling vibrations in thin beams

subjected to external excitation is examined. The primary objective is to compare the effectiveness of a linear
absorber against a nonlinear one in,order to attain the greatest possible reduction in beam displacement. The
Timoshenko beam theory is employed to.model the dynamic response of the structure. A cubic geometric spring
is introduced to generate both linear‘and nonlinear restoring forces, enabling optimal spring parameters to be
identified in each case so that beam deflection’is minimized. Linear viscous damping is assumed throughout the
study. Unlike the Euler-Bernoulli formulation, the adepted Timoshenko model incorporates shear deformation
and rotary inertia effects. Accuracy of the numerical results is verified through direct comparison of the two
beam theories. Findings are further validated against previously published results in the literature. Because
beam amplitude may be amplified at multiple excitation frequencies, the number of absorbers is treated as a free
parameter, and the governing equations impose no restriction“on/absorber count. Results obtained with both
beam models are presented graphically, and a detailed comprehensive comparison of linear versus nonlinear
absorber performance in suppressing the dynamic response is provided herein.
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