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ABSTRACT

Surface modeling isione.of the most important stages in the design of mechanical parts, especially in creating
free-form surfaces such as car bodies, ship and boat hulls, blade forms, bottle bodies, and the like, which are
important in terms of both aesthetics and engineering. In this study, a method for manipulating and optimizing
surfaces with constrained boundaries using a combination of the Coons and Bezier methods as well as Coons and
Hermite bicubic is presented.dn this'method; first, based on the constrained boundaries, an initial Coons surface
is created and then decomposed into several arbitrary Bezier or Hermite bicubic patches for surface
manipulation. Bezier patches are cCreated solely by points taken from the surface, whereas to create Hermite
bicubic patches, the first and second tangent vectors must be calculated in addition to the points. Accordingly,
the results obtained show that the combination of the two methods, the Coons method and the Hermite bicubic,
provides a smooth surface with continuity of<the /first-order derivative at all points based on constrained
boundary curves, where the combination of the two.methods, the Coons and Bézier, has the property of easier
control of points, but at the boundary where the patches connect inside the surface, there is no requirement for
continuity of the first-order derivative.
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1. Introduction

Geometric modeling and free-form  surface
manipulation are considered fundamental pillars of
computer-aided design, computer-aided engineering,
and computer-aided manufacturing systems [1]. In the
design of advanced mechanical components—such as
turbine blades, automotive bodies, marine propellers,
and plastic”injection molds—the accurate and efficient
representation of 3D surfaces plays a decisive role in the
success of the analysis,and manufacturing processes.

Surface modeling entails generating a digital model
of a specifieiccomponent to-facilitate subsequent design
and manufacturing stages; thisprocess requires defining
all surface points through mathematical relationships.
Surface design methods generally rely on either points
or curves. Various techniques for surface modeling have
been developed, including Bézier, Hermite, Coons, B-
spline, and NURBS methods [2,#3]. "Among the
numerous  methods  for _parametric’  surface
representation, this study examines three", major,
powerful families of surface modeling—Coons patches,
Bézier patches, and Hermite patches<—as well as the
practical aspects of combining them.

In many instances—such as automotive body design
or reverse engineering (where boundary curves are
obtained via scanning)—surface boundaries« are
predefined, and the objective is to generate a desired
surface that ensures smooth continuity while precisely
adhering to these boundary curves [4]. In this context,
Wang et al. [5] proposed a method based on thin-plate
bending to achieve Ct continuity during the deformation
of a surface with constrained boundaries. In the
proposed method, the specified surface is first mapped
to a 2D unit circle; subsequently, deformation is
performed on this unit circle under boundary constraints
using plate-bending differential equations, thereby
determining the coordinates of the plate's new form.
Finally, the shape is mapped back to 3D space to
establish the new surface geometry.

Most methods for surface manipulation rely on
solving partial differential equations to ensure necessary
continuity, resulting in computationally intensive and
complex processes. To address this, the present study
introduces a new, efficient method for the free-form
manipulation of a surface with constrained boundaries;
this method allows for arbitrary surface manipulation
while maintaining first-order derivative continuity
across the entire surface. To generate the initial surface,
the method employs the Coons surface approach. The
surface is then subdivided into arbitrary patches (sub-
surfaces), with Hermite patches utilized to ensure Ct
continuity. Subsequently, free-form deformation is

achieved by manipulation the patch point parameters;
this enables the method to offer various manipulation
options while preserving the predefined boundary
curves. Given that establishing a suitable search space is
a crucial step in optimization, this approach facilitates
the creation of the necessary search space for the
optimization of surfaces with constrained boundaries.

2. Methodology

The efficient approach to surface modeling is the
parametric method. In this method—as illustrated in
Figure 1—surface modeling constitutes a mapping from
2D u-v space to 3D xyz space, wherein the x, y, and z
coordinates of each point on the surface are determined
by functions of u and v.
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Fig«1. Surface modeling is a type of mapping from 2D
space to 3D space.

The method proposed in this study uses the
capability of the Coons method to generate a surface
based on known boundaries; thus, the initial step
involves creatingwa~base surface. using this method.
Subsequently, to  enable ‘free-form  surface
modification—such as achieving desired aerodynamic
properties or other engineering characteristics—the
generated surface is subdivided into multiple Bézier or
cubic Hermite patches. By adjusting the parameters of
the internal points within these patches, it becomes
possible to generate a variety of surfaces that.all share
the same boundaries.

First, four arbitrary boundary curves aresdefined as
Bézier curves. The initial Coons surface based on these
boundary curves is shown in Fig. 2. Subsequently, the
surface is decomposed into, for example, four Bézier
patches; this is done by selecting four sets of 4x4 points



from the original Coons surface (indicated in red in Fig.
3) and using them to construct a new surface composed
of four patches, as shown in Fig. 3.

Original Coons Surface

Fig. 2. Generation of the initial Coons surface based on
input constrained boundaries

A close examination of Fig. 3.reveals that, firstly,
the boundary curves are not.well approximated for
curves with high curvature (as evidenced hy the
discrepancy between the black and blue lines in Fig.
3)—an issue that improves as the number of patches
increases. Secondly, at the junction‘between two
patches (as shown in the magnified view in Fig. 3), the
connection is of the C° type, lacking derivative
continuity; this is unacceptable if a smooth surface is
required.

Fig. 3. Decomposition of the initial surface into
four Bézier patches; the lack of derivative
continuity and inadequate approximation of the

boundary curves are evident.

To address and resolve the two aforementioned
issues, if Hermite patches are employed instead of
Bézier patches—specifically by utilizing the corner
points of the Bézier patches while replacing the
intermediate points with first- and second-order
derivatives (twist vectors) as shown in Fig. 4, the two

cited defects are eliminated, and the capability for free-
form surface manipulation is simultaneously enabled.

Fig. 4. Decomposition of the initial surface into
four Hermite patches. First-order derivative
continuity is maintained between the patches.

It is worth noting that when joining two bicubic
Hermite patches, C! continuity across the shared
boundary is guaranteed provided that the coordinates of
the boundary's start and end points, the first-order
tangent vectors (with respect to u and v), and the
second-order tangent vector (with respect to uv, or the
twist vector) are identical [6]. This characteristic
demonstrates the superiority of the Hermite patch
decomposition approach over that of Bézier patches.

3. Results and Discussion

Free-form surface manipulation for the surface
decomposed in Fig. 4 can be achieved by altering the
coordinates _of point A, as well as the two tangent
vectors and the twist vector. This process results in the
displacement of all_points within the surface (excluding
the boundary curves). Accordingly, in Fig. 5a and 5b,
only the Z-coordinate of point A has been adjusted—
from 0.3813 to<0.1 and 0.6, respectively—while the
boundary curves remained entirely fixed, yielding a
perfectly smooth, surface anchored to these curves that
can serve as input for optimization algorithms.

The surfaces generated in .MATLAB can be
converted into usable surfaces using traditional
computer aided design software. First, the “surf2patch’
command in Matlab is used to convert the‘coordinates
of all surface points into a triangularsmesh, which is
then saved as .stl file format. Subsequently,:this file can
be imported into CAD software—such as CATIA=as a
mesh file (Fig. 6a) and then reconstructed into/a surface
using the surface reconstruction environment. Once the
surface is created, subsequent design steps=—suchw.as
thickening the surface to create a solid volume (Fig. 6b)



b)
Fig. 5. Free-form surface manipulation and
generation of new surfaces sharing the .same
boundary; a) Z-coordinate of the midpoint = 0.1;
b) Z-coordinate of the midpoint = 0.6.

b)

Fig. 6. a) Importing the mesh file into CATIA, b)
thickening and converting the surface into a 3D
solid.

4, Conclusions

This research investigated the capabilities of hybrid
methods combining Coons surfaces with Bézier
surfaces, as well as Coons surfaces with Bicubic
Hermite surfaces, to generate multiple surface patches
sharing identical boundaries. Firstly, an initial surface
was generated based on four input boundary curves
using the Coons method implemented in MATLAB.
Subsequently, point data were sampled to construct
Bézier patches, while point data along with first- and
second-order partial derivatives (twist vectors) were
sampled to construct Bicubic Hermite patches. The
results demonstrated that, compared to the Coons-
Bézier combination, the hybrid Coons-Bicubic Hermite
method produced surfaces with superior smoothness at
patch junctions and offered greater flexibility for free-
form surface control and manipulation. The proposed
method provides various options for optimizing surfaces
with constrained boundaries; when integrated with
optimization algorithms and engineering software, it
enables the generation of optimal, high-quality surfaces.
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Fig. 1. Surface modeling is a type of mapping from
2D space to 3D space.
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Fig. 3. Bézier surface generated by five rows and
four columns of control points [2]
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Fig. 4. Bézier surface with 16 control points,
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Fig. 2. Examples of Bézier surfaces presented by
Pierre Bézier [8]
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four Bézier patches; the lack of derivative
continuity and inadequate approximation of the
boundarycurvesiare evident.
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using nine Hermite patches. The coordinates of two
points from Fig. 15 have been modified.

s Judoxi —Y-F
Js‘ ML’ Ua> Lm.uc ..\.»‘5.:6& ¢)5A 5& 0l \JLer».a.v.o.’ :....,. ws) )b
V-F Gisu )0 a8 wawye slaaiy a4 598 adgl mhaw a3
PORSPC DRRUOUES Y A PU JUSS{ K VUL SRR
Aoz mhe o 0 58 65 sla g Laa>
e ey gladiy glaje jo aSGl 4 axg L
bl (pl g sl Canye LxSe g9 5l S abgiye

Fig. 14
generation
boundary; a
Z-coordinate

s (00 U5 L gllas)

Sged



@ b la)lBle s o 1) abgye JL Gl oo (s w3903
olng bme 3 e U &0 4 L3S pilal SenalS SeS
Lot eSS @ e o (VA JSE) Tos S 8y ' blas ol
VA JSi) g ol 1) abgrye mhaw ¢ pxaw g (55lol

(o

JB ol gl 41 calio surf2patch jgiwo 3 oolaswl
Stliceeyd b abaw gilie i
—_— s
Digitized lioxs )0 dbgige Js18 55,5 Import

Lzs Shape Editor
—E——

bumxs 45 Automatic Surface ;3:t..o'b zbiw 3ol

LS Quick Surface Reconstruction
— e

s Thick Surface j3.0 bzl dsCalins Jlesl

Lus Part Design Lo

s (55l Jo Ty L5l AV S

Fig. 17. Flowchart of surface modeling steps

lo sy 0,5 Lol M (2 lb ol e dslsl ixdas olow! b
&8ly 50 9 ools cuwls |y GSD L g w4 Ko
Taakd (b bazo 5 (@ VA JS5) gl 4 ool o2
G bas Jole o b QYA S j0 g s 5dy IS
Oezed ol 0ol &)1 (AT S maw goman g
ouls a3L,IVE S (Jlozulbes) gumdns g N S 5o

3 Quick Surface Reconstruction
4 Part Design

AR

olgzds e 12 (S B Sl s 4y 0590 (pl (o)
Dydon ho Sueyp (oS (e awgd (6550

2105 98 9 Lokl g lal aladi 9o b one o (oxSe (oo 52
S SUIYT ag o chy o Ll g laml o imie 4 ules
Sy (oS (i Sy g olgsde Sl (i
5 olgsde somie sleil g ol alads s gl 00y o,
xS i sl sl o slel g lal jo elew sl
adasly bl o E dllas lade 5,5 )18 solictul 890 Casepa
Avs Y0l 098 0 polae (1)

<imaxHC(4) h* @)

E <

" 384
Ry adyl olgsds s )l e 322 C) T 5 a8
Yl ol ime (2l & 0ol 28lisn g 30 03l Jsb
‘4451WQQ;MLEQMMIJ;@@QU@@@Q

& ol 1 aiman e il emols S 4 s
3 oolaiwl b ol aisls 0gzg iSlas glaz 55 sgume
53 3L 390 aig olass 4z 55 5 05k Job (g o0 (1) 4l
g et 1) ¥ (A o ol

arazy b () J8) dlie cnl )0 (owyp 9550 JUo o
oo i8S J S alads oz b s g9 5l (550 (o 4
oo A5 )3 g 039y dus 423 jlabgyye oy (Sote (o
walym jao Ll as Sl 5 jao bl of Joz 48,
SN IIISS o )5 Zoro s (oo diy (sloj 0 (S 092
O wlgs sudaie adgl oo o Ml (VP

9 o £ 4 pagSle sl lade (Stuly 4 axg L
S ke e 4 o plaghs Mie &5 (g ge )0 w3l b
Slade (1) alaly sloslasddl L o .87 ] Seolazwl 0,00 VY S5 0
LRl VF g 0 lelst jo glad @ 2Slas sl cus
DSl /o oV L pl™VE gNV0 Gl o 9 ¢/ V0

LS 5o mdaw (g5 ludoo’ eSS -Y-F
Ko &l eld Billas lgi oo |y lie )0 caliioln | Zglan
o 3l oolatul b ol oged has o 57 BB Folaw di VY
oo 1) mhaw bl aJS clae s SUrf2pateh

05 Sl e ® b bl ST j0 g dges JalS il

! Digitized Shape Editor
2 Import



19 JSCh 50 oud olon | o (gumidn s N SCO

Fig. 19. 3D model of the surface created in Fig. 16.
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