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ABSTRACT

Free-piston Stirling engines have attracted considerable attention as an efficient technology for converting
thermal energy into mechanical-and electrical power due to their simple structure. However, the inherently
nonlinear dynamic behavior-0f these engines makes the prediction of stable oscillations and operating frequency
a challenging task in their analysis and design. In this study, the nonlinear dynamics of a Free-piston Stirling
engine are analytically investigated using the.homotopy method to obtain an approximate analytical solution of
the governing nonlinear equations. In.<addition; a genetic algorithm is employed to determine and adjust the
effective parameters of the system."Based on this framework, the oscillatory behavior of the engine is analyzed,
and the conditions required to achieve arstable limit cycle are examined. The main novelty of this work lies in
proposing an integrated analytical approach based on the homotopy method combined with a genetic algorithm
that simultaneously enables the analysis of nonlinear dynamics and the derivation of a parametric relation for
predicting the nonlinear operating frequency of a Free=piston Stirling engine. The obtained results demonstrate
that the proposed approach can effectively capture the‘nonlinear_behavior of the system and provide a useful
tool for the analysis, design, and optimization of Free-piston Stirling engines.
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1. Introduction

Free-piston Stirling engines (FPSEs) have attracted
considerable attention as an efficient technology for
converting thermal energy into mechanical and electrical
power-due to their simple structure, reduced mechanical
friction, and ability to operate with various heat sources.
These engines are an advanced version of beta-type
Stirling engines in which mechanical linkages and a
flywheel are removed, leading to lower manufacturing
costs and reduced friction losses [1, 2]. However, this
structural simplification transforms the engine into a
coupled“escillatoer system, making startup and stable
oscillation a fundamental challenge [3].
Initial studies) focused .on linear dynamic analysis to
evaluate stability ceonditions using coupled linear
equations and dominant poles of the closed-loop matrix
[3, 4]. However, linear analysis® ¢an only provide
necessary conditions, as an engine might start but then
become unstable after several working.eycles. Therefore,
nonlinear analysis is essential to“evaluate' sufficient
conditions for stable oscillations'[5, 6].
Various attempts have been made to.@nalyze the
nonlinear dynamics of FPSEs using _.direct numerical
simulation of nonlinear differential, equations [6].
However, with each change in design parameters, the
entire computational process must be repeated, which is
time-consuming and computationally expensive. Zare€t
al. [7] proposed nine parametric conditions using the
practical stability method to guarantee stable oscillations.
However, for designing a linear generator to convert the
reciprocating motion into electricity, accurate knowledge
of the engine's operating frequency is essential. None of
the previous studies have simultaneously addressed both
stable limit cycle guarantee and a parametric relationship
for nonlinear frequency prediction.
The main novelty of this paper is to present an integrated
analytical framework based on the homotopy method
combined with a genetic algorithm that simultaneously
enables the analysis of nonlinear dynamics and provides
a parametric relation for calculating the nonlinear
frequency of FPSEs.

2. Methodology

2.1. Free-Piston Stirling Engine Modeling

The FPSE consists of two masses (power piston and
displacer), two springs attached to the pistons, and a rod
connecting the displacer piston. The governing equations
of motion are derived based on Newton's second law,
incorporating the gas pressure forces acting on both
pistons. The working gas pressure is a nonlinear function
of the displacer and power piston displacements, as well
as the hot and cold space temperatures.

2.2. Homotopy Method Implementation

The homotopy perturbation method is an analytical
approach for solving nonlinear differential equations,
introduced by He [8]. The method is based on two
fundamental principles: homotopy in topology and the
perturbation method.

To implement this method, the nonlinear pressure
function is first expanded using a Taylor series up to third
order. The solution for piston displacements is then
assumed as a power series in the homotopy parameter.
Substituting this series into the governing equations and
equating coefficients of equal powers yields a sequence
of linear equations that can be solved recursively. The
zeroth-order solution corresponds to the linear response,
while higher-order terms capture the nonlinear effects.
To ensure stable periodic oscillations, the secular terms
(resonant components at the fundamental frequency)
must be eliminated. This condition leads to a set of
algebraic equations that, when solved, yield a parametric
relation for the nonlinear operating frequency. This
relation expresses the nonlinear frequency as a function
of the linear natural frequency, the piston oscillation
amplitudes, and their phase difference. The linear natural
frequency is obtained from the linearized system by
solving the corresponding eigenvalue problem.

2.3. Genetic Algorithm for Parameter Estimation

For estimating unknown design parameters based on a
desired operating frequency, a genetic algorithm is
employed [8]. The cost function is defined as the absolute
difference between the desired frequency and the
nonlinear frequency predicted by the parametric relation.
The genetic algorithm parameters include a population
size: of 5004 stochastic selection, scattered crossover,
adaptivesfeasible mutation, and a termination value
of 1075,

3. Results and Discussion

3.1. Phase <1 Validation of the Parametric
Frequency Relation
To validate the parametrice=relation for nonlinear
frequency prediction, the specifications of the B10-B
engine were substituted into this relation, yielding a
nonlinear frequency of'86.1 rad/s=Thewactual operating
frequency of this engine under similar conditions is
reported as 85 rad/s in references [5, 6]. Comparison of
these two values shows an error. of 1.3%, confirming the
accuracy of the proposed analytical relation.

3.2. Phase Il: Parameter Estimation Using Genetic
Algorithm

After confirming the validity of the parametric relation,
the genetic algorithm was employed to estimatetinknown
design parameters based on a desired frequency of 85
rad/s. The estimated values for the power piston mass and



the displacer spring stiffness were 0.538 kg and 579 N/m, 4 X10°
respectively. Comparison with actual values of the B10-

B engine (0.529 kg and 600 N/m) reveals errors of 1.7% 6
and 3.5%, respectively, demonstrating the capability of 4
the proposed method for accurate parameter estimation.

The dynamic behavior of the engine was then simulated
based on the predicted nonlinear frequency. Figure
1 shows the.displacement time histories of the power
piston and the displacer, confirming stable periodic
oscillations in the steady-state regime. As can be seen,
both pistons exhibit “harmonic-like oscillations with -6
constant'amplitudes, which indicates the existence of a . . , .
stable limit gycle. The displacer oscillates with a larger ® 46 Y rime 49 50
amplitude compared tosthe power piston, which is

consistent with the physical behavior of FPSEs. )

Figure 2 presents the velocity variations of both pistons 0.025
over time. The velocity curves«also exhibit stable 0.02}
periodic behavior, and their phase relationship with the 0.015-
displacement curves confirms the harmonic,nature of the
oscillations. The maximum velocity of the displacer is
higher than that of the power piston, which is in
agreement with its larger oscillation amplitude.

These results confirm that the proposed analytical
framework, based on the homotopy method combined
with the genetic algorithm, is capable of‘predicting the
stable dynamic behavior of the free-piston Stirling engine 002
in the steady-state regime. The stable limit cycle obtained -0.025 25 27 8 29 50
from the analysis guarantees that the engine will operate Time(s)

continuously without diverging or decaying oscillations,

which is essential for practical applications. _ _ b) o
Figure 1: Piston motion variations: a) Power

4. Conclusion piston; b) Displacer piston
In this study, the nonlinear dynamics of a free-piston

Stirling engine were investigated using the homotopy
method combined with a genetic algorithm. The main
achievements are: 0.
1. An analytical framework for analyzing the
nonlinear dynamics of FPSEs was developed.
2. A parametric relation for predicting the
nonlinear operating frequency was derived and
validated with B10-B engine data with 1.3%
error.
3. Agenetic algorithm was successfully employed
to estimate unknown design parameters (Mp
and Kd) with errors of 1.7% and 3.5%,
respectively. V5255 4 465 47 475 48 485 49 485 50
4. Stable limit cycle oscillations were achieved in TN
the steady-state regime, confirming the a)
capability of the proposed method.
The proposed integrated approach provides an effective
analytical tool for the design, optimization, and
performance evaluation of free-piston Stirling engines.
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piston, b) Displacer piston

5. References

[1] H. Sazgar, S. Zare, Robust framework for
simultaneous optimization of performance and stability
in active free-piston stirling engines, Energy Conversion
and Management: X, 30 (2026) 101664.

[2] H. Wang, Y. Chen, J. Luo, L. Zhang, H. Kang, E. Luo,
S. Zhu, A novel high-power free-piston stirling engine
generator with integrated heat pipes for thermal-to-
electric conversion of clean energy, Energy, 314 (2025)
134218.

[3] R. Redlich, D. Berchowitz, Linear dynamics of free-
piston Stirling engines, Proceedings of the Institution of
Mechanical Engineers, Part A: Power and process
engineering, 199(3) (1985) 203-213.

[4] J.A. Riofrio, K. Al-Dakkan, M.E. Hofacker, E.J.
Barth, Control-based design of free-piston stirling
engines, in: 2008 American Control Conference, IEEE,
2008, pp. 1533-1538.

[5] N. Ulusoy, Dynamic analysis of free piston Stirling
engines, Case western reserve university, 1994.

[6] J.G. Martinez Saturno, Some mathematical models to
describe the dynamic behavior of the B-10 free-piston
Stirling engine, Ohio University, 1994.

[7]1 S. Zare, A. Tavakolpour-Saleh, T. Binazadeh,
Analytical investigation of free piston Stirling engines
using practical stability method, Chaos, Solitons &
Fractals, 167 (2023) 113082.

[8] S. Liao, On the homotopy analysis method for
nonlinear  problems, Applied mathematics and
computation, 147(2) (2004) 499-513.



9 2P 090 W il eolawl b oll gty SO piwl joige (Jas pud Seoliy s Judxd
SS§ v y g

'618933,5 553 il JOIFES Hbped (T (S0 (s dozo Mg 15 5l e

Ol ol ol p! caio g sale sla Giogh olojle « Sl caSiigh -
u‘)—" ‘U‘)’et) ‘L)‘)'ef olKisls ‘09‘3 9 |°5J'° saseialy =Y

* sh.zare@irost.ac.ir

sloaniS ) (S plsie 4 bt s gl ol 5 (SolSe STSlasl 2ol wslo Jisle s 4 o1 gy Sl slajsise
s 5 oo e B3 U gige ool SIS, Jlr ol e 5 15 s 3,50 S0 Sl s & i 531 i ot
Seolizs Jolows pslate ar e gy nl 5o 35 0 wgmimslbailabs (ul (A 5 o )5 oo sl Sl el S8 BBs (i 9 )Mk Sblogi &
w8 (b slo el ess jolateds 5 onlibslinnl pign il gl zlFinl Gln aFgesn Uy 5l T G Sid il jige s s
el oas &l ool gam 4y a4 oliiws bl 2h el g il Sileg JU8, sy n Gl (Lo pam il culal cpl sl sad a8 8IS 4y S
Oy S ol g (ol Salind (g ISRl 85T el S5 02,9501 5 539 o) sEe kel 9,50y, S L) allie (ol (5555
ol s, 45 w0 s Ol Jolo bl ool 03,5 wal 8 (lesem sl | s (o yod Ll Al sl o el abal) S gl 5 S
55 @l 8 o1 gy S sl sl yigs (FL s kv slr 6550 il Wilgies 5 010 1) s (oS yed L3, (it Ul

O PSP PRRPEPRTERE-TIP { JUPCINOPRE SUJCOW BT SY PRRPR ARPRE S g6 P RW LN Ly

! Corresponding author mail:sh.zare@irost.ac.ir



doddlo —)

5 (ol Gl iy boojlsen IS g i 094 (e slolS g 4 (ngi glio g olaidl g Lsle 500 puS (Sl
Sl rahgble 5o (Sedasss Gt a0 Vb udicasl 5 Sz laylil 50 codd wad Sllug il 5 pdyples!
ol Swlelys wlbdlsl 5 slaihie sla ol,1b e solamsl slops o0 aKix g485 LY N ] col 0og ol pen (65,31 o0iS puals
o5 1) LagglS olail 5 Lo Sl g 03,8 Jia 1) (Sloa ol 023y Wl (o0 St v 4 00iS S e g oS Oy sl g8
5571 (o 31 35 SIS slajls ezl 20lS g5 etzmen 5 05l sl cnl b gty s [F s 13 15t
S s Pl g b eil 4 oliws gl pilolizly Gl g3l plpear plnan plie Coow 4 &85 > 5 (S
S55U55 SloglsliBlg st Col 23300028 (51 gt eudai il I Sy suedyet 53l 17 Bl el oat g5kae (5
Sl 655l Bleure poadaslis I (S Sl jgge Wbl axws (oS (5l 4 eyt 55l s sl
3o 1y (S gty ES et 55 b5l ol sleyS aler sl ol )5 wlie 1 ol (65531 o bl oS el
S5 okts [3 Aog go Lo (SmSINGs 5l a2 5155 4 g9 Jlal g conlio (Sl IS g5l 5l oolistal L 525 25 > V]
Olojan adgs Jolis b ] (0 yigs a5 il axdgs 18 oolicial o550 (5,500 alises (gl ala> jo St il (sl 350 (15556 o5 o
blie S5 ¢y gy 55 S ol slafigise elgihin pagaz 51 (Ko D) o] el (BT o> 2Ll g o plazsle o )l 5 5
Ol Lo 50 g 63U 5 (SHlSa gl S AT ki ol b cien T g5 M0z (5559 &3l5 50 8131 gy S ol (sl g5
Aoo Ko el aise 5 Solke Sasl pals Sl ofy] ¢ ginmy Ko jinl la,g90 Shg ool DY MV el ooty 3>
0 Mee ol31 gt i il (sl gige 451 00, Ke gl 4 i g M 5 (Sl sl Sid i da Cuje opl LS 0 [V
D olos Koo g5k ool (allr Syplsie 4 g3lail ol oy s y0 5 digd Lo psS Solgs S,
53 el ST gty Sl sl g0 aba )0 Gl sle Al 0 et 5 (Su T o) S i Gl & jshailes
Sl sloygige (ot Salias (9, 2 aieej nl 58 cadiplonl Sligion 5l pidy sl i pdy plonil liSe Slidow L) ol
dad g s dils g 5le (6,50 5 y5ige oS as YSlae sleblinul b oylaisee Liwl, ol jo VY N Fleul oogs 3T gty
oy omes s Wlyis b ygize g5 ol bt elos [V IS oSl )bl b )l oo & o] & slo
S aiz 5l am (Jg 0gd (3laillol) S o 9,5 53 j5ige Sl SemiboliaiS sy 2 1) ) 40 9,8 adgl alazd )3 9550 (sl
Sl o3¥ plply ST Dbl Heige Selus Gl 1y 0¥ by wilgnds e o Jlow (el (nl 2098 il o)k )18
ad el ggoge cnl IVV Y Tog qald 15 OIS Ly lyicar Glbi@blug ol EISal a5 wsd plol laisSa s Jlos
Lo ysige &5 Ol (e el 50 s ools Gy ST (ygtmy S ol lgysige Sadee b)) 5 Jelod G 4y (laine
el @b iy el b, Gl 0 SsTUsT sle L3 eSl ced (Ble 5 ,0) LB, Lo sl oo IS sl Lol Gun
b e OYolas a5 (6l 45T 4y vl 009y (Solins DY olre puiins (g5lw il 45 gy po ool plonil ot 8 sl o 5l isn
55 Ol g ol 4 [V YV]00 Sn ) 0 Sllogi 5 55590 )8, 5 0ad (3l arnd o uiilo (laljdl o 5l ealizal
Sl 00y Slomyl 590 Salind )0 gl gum S LT 45 0t g 2 (g5l s plil'y 5350 (gl iyl i L S, o
auld S (b sla el o i e b ooly] et Sl il sloygige s SVolre @diian gjlaaas 0 4 L
Eolr JBel, Gl Wl ged g 00 pole) (Slisle slaan o SRl ogdle g5050 (ul 09l LSS Tl 5 il (Sl
2ol Sllogi e 5 (o Sl Shelod Go9y St 5l bl e 2 09d 8T L o glbanpa i Jelos X0 T8 o
&)l Jlw Hob 4y il ools ploil Slaass (giSU ladme 35 Ll (1l 10 .00, K0 ol YlS o950 g9 ol (o e Sl
29590 Sk Slblugs byt & o (b Lol & jgmys 4 wil eols @l Szl by & ee jlauly by, SeSE IV Iasy
g 2SI (5581 4 508 gy (25 05 28, S5 o o sl 4y ol gty Sl il sl gige Sl ;5 00 S e
L olgy & sl 5390 )5 (il 3 5l 3B oMbl gl 53 (b3 93l (b Bkl adlee (b gl SO a sl

! Stirling engine
2 beta



G 1, Jorl s S 5 n 45 ol &) s, Ol 45 sl S5 oll e s a2 | i o 3 eslic
9 ey Sl 1 pliSman 5 T 5550 il s g e b S8 sl Sty 4l 5 st 5 035
LA 5 cwsr 550 | S Fsesm gy SaS L g3ds0 98 il dsl (slp allie cal jo ubsl e el 4285 418 )
Sals 32 S ot )5l 5 mgigagn Lbey SeSL st 45 ansl 00,55 iyl (gl llin iSl ALBAS linind 4 Az L

s w1 ot e il 8 alme (gl S el alal, G e g amo 15 ) 0550 1) ST gty S tl gige as it
1o ol (gt S Tl j5i50 5 (555090 gy (Brre 5050 (eSS Dlomadgs Al lanl il 5o bl (raen
Sl ools SeS U385 13 (a5iges0 o) 3 Shes (e sl oad (53l 03l j5ise (S5, 2 (R esR by, Al Hd el oud
ool axls s jaSde gy 358les 5550 )0 (55 Al g Com 4 5 0Ll o el A8 S LB SL51 0 50 el aiBl jgige SO

adsl Gl =Y

Aty ais sy ol gty Kol j5ise 5 (aFsesd LBy (Bore & Al o

S goed gy —V-)
Ly gy ol ogtae 0o p )5 4 adge Lelias @Volae o sl oS ablowe (Ldow (g, SO S| o9ige9n (o,
LYY el Lidol 9o al 5 i, cnl onl S yeb 4 [¥O]0o,8 e Yoo F Jlo o oo
S hpogh |y aline 90 (o Alwgn i SO &S Shdgs )0 (2 9igegR-)
A2 g SAsS al )l SOy Cad (g0 S & ) Grly a5 P! g =Y
Welle 33,5, )0 py Kb 4 et e dlue SO by, ol o
L(u)+N(u)=0 QP

s Jspzeo 565 U orizen (b3 e Shae plsie a0 N g s Sloe lste L iy ol onds iy a5 Shae g0 ()] 0 o5
29,800 My 45 O)5e 4 @55esn So oolel (al pabloe

H (v, p)=(1-p)[ L(v)-L(u,)]+ p[L(v)+N(v)]=0 ™
bl Alas 4 00l Wlaws 5| dhwgy &g 45 ol Jsgme b Vg adsl Sojis 5 Uy P E[0,] Lgigase aloles ,o
as (H(V,0): L(V)=L(Up)) spies oo ool as allcs o &9 & Wsles « PEO_lil & Lial, o] 50 0,050
(H(v,0): L(V)+N(V)) 00,50 bl Lot dlas 55 p=1 s
Ava YAl csgs osigass ol 1o 6w o IS (ot |, Vormsler 45 Spiie 5,8

V=V, + pv, + PV, +... ()
b Pl jlalss S0 Pcilidee glo plgs cul o ol S5 5] w0 5 (95509n dolas )3 03 ,eliis j (5 IS ool )
100,500 Jol> Lol dlies Olg> coyis P21 a5 s o lepy ol gez bl oo s 4V Vg, Vo, sl

URV,+V,+V,+... q9)
Sl Glo by, e 4 Cond iz 2 Gblie w3l gty Sid il gl ygise (Sealind Lo )0 (555090 i8S 5 ooldi
Ol (S ! &5 cend SVolae ;0 S5 Sl 352 wiejls Ghg, cnl (P S sla S5 IS 0 8 s3ue
s S¥olee 5l (slacgazme 4 oduzny oz i Alies o Jal coizmen auled ol B ) 515 jLid 10 (58 sla Jas 8 Lo

' homotopy
2 Genetic algorithm



AS)Q (GO 6L¢:J.’> d)l?f .Lu.b) U"‘ \35.“4‘59 Gl...l:;u ‘l"'."ﬁ) C‘W‘ cel wlusle > u,..&ls 5 o5)1.c ‘G..M.f)b 9 ool
S5, o3 oilisy i Lk 5 Sl iloanar sl L ol 4l o g 2500 5 050 5 sl a5

35T sy Sl sl y97 0 —¥-Y

o sl ges 5eiSh g Wl ol (gl 5 o A wiies  Seelins S w6l 9390 o diges s K il sl 390
Sl g gatonds oy 48 3 £o5 3T gt S il (sl gge s Lo a5 jelailen [¥Y Yo ] cudl ot a8l 5L s b
O Sl L8 05 g0 e 8 Sid sl (sl 5590 il o SilSe (sl S Bi> b g oyl 4 i Lo go5 S 1l
VUSE 5lasellen il o Bols Lis YooV USE 50 ol g S jiul gige o piwlSe il oud sl g >,k ol
o S 5 b sty 4 oo 518 530 Sl 5 51008 Gty o b oz 50 51 lT (gt Sl 2l y5ise sl asiie
Sed Bl b olyT g Sid il [ gige sl a5 dmage olas \ USE 3,b el oad LSes Sluls etan 4 Jaie
5 oz by o Hgie pl Soslis o Jubivllug con ulul e Calond had JisS 5 Glug S0 4 SSle la
il omluol

3T ¢y gy, S yins] g3 g0,1) SIS
Figure 1: Free-piston Stirling engine

5 slad

Slal> Gy

S0y

.
//,Ak

a8 gy 4 Jale i
K \

! Power piston
2 Displacer



35T gy S sl 59590 Sy Slais¥
Figure 2: Schematic of a free-piston Stirling engine
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Table 1: Specifications of the investigated free-piston Stirling engine [34]
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Table 2: Parameters of the proposed genetic algorithm
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Figure 3: Convergence curve of the genetic algorithm cost function
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Table 3: Design parameter values estimated by the.geneticalgorithm
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Figure 4: Piston displacement variations: a) Power piston, b) Displacer piston
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Figure 7. Phase portrait of the B-10B engine displacer piston [38]
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