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ABSTRACT: In this paper, a C' finite element (FE) formulation of Mindlin-Reissner microplate based

Review History:

on strain gradient elasticity theory is developed. The general form of the stiffness matrix and force vector

of the microplate element is firstly extracted, and then specialized on a four-node quadrilateral element
with 36 degrees of freedom. Deformation of rectangular microplates with simply-supported edges,
clamped edges, and three edges simply-supported and the fourth edge free, and under uniform external
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pressure is then studied. For the case of microplate with simply-supported boundaries, comparison

between the FE and the corresponding exact solution is made, which shows extremely close results.
For the next two examples, a convergent solution by means of mesh refinement is obtained. Moreover,

Keywords:

for the case of thin plates and for large values of the thickness-to-material length ratio, the results of  Strain gradient elasticity theory

gradient-based FE analysis are coincident with those of the Kirchhoff plate model based on classical
elasticity. Numerical simulations show that the introduced element is able to capture the size effect

Finite element method
Mindlin-Reissner microplate

phenomenon at micron scale. When the plate thickness is in the order of the material length parameter,
the value of deflection is lower than that predicted by the models based on classical elasticity.

1- Introduction

Various experimental results demonstrate that deformation
of solids at micron scale is size-dependent [1-3]. Contrary
to classical theory, in the strain gradient theory, originally
developed by Mindlin [4], the strain energy function is
a function of the strain as well as its derivative, and thus
the stresses depend upon higher-order derivatives of the
displacement field. It has been proven that strain gradient
theory is effective in predicting the size-dependent elastic
as well as plastic deformation of solids at micron scale [1-
3, 5]. The simplest format of the theory, used in this work,
was introduced by Aifantis [6] that contains a single material
length scale parameter.

The objective of this work is to develop a four-node
quadrilateral finite element (FE) for numerical analysis of
gradient-elastic plate structures. A plate element, based on
C'-continuous interpolation functions, for the numerical
analysis of Reissner-Mindlin microplates is developed. The
introduced element is based on Aifantis [6] form of strain
gradient theory to capture size dependent behavior of plates
at small scales.

2- Methodology
The strain energy density function U in the strain gradient
theory of Aifantis [6] is given by

1
U:E/l( ii j] +1 éj/gtkk)+/’l(gijgij+12§ijk§ijk) (1)
where &; and &y are the components of strain and strain
gradient tensors, respectlvely Additionally, / is the material
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length scale parameter in this theory The stress and double

stress tensors are calculated via o =0U /d¢; and
=0U / 0, , respectively.

Njext a mlcroplate with constant thickness and material

properties is considered. The displacement field corresponding

to the flexural deformation of Mindlin-Reissner plate model

is described by [7, 8]

ua =Zl//a’ u3 =w (2)
where y,(a =1,2) are the rotation angles and W is the
transverse deflection field. The components of strain and
strain gradient tensors are calculated based on Eq. (2). Then,
the stress and double stress components can be calculated. The
classical as well as non-classical resultants of the microplate
are defined by

Maﬂ _h/2 Zdaﬂ :
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For FE formulation using virtual work principle, the variation
of strain energy density is decomposed into two parts as
U =oU M +5U P, with

16U, 6U P} = [ (0,65, 7,65, 1dV 5)

Next, the vectors F and o are defined by
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F:{MlaMz’Mlz’Qan}T (6)

T
w:{’(n’ Ky» 2’(127713’723} (7
where k4 =('/’a,ﬂ Vg q )/2 and y 3=y, tw . It

is noted that the relation F=Dao holds, where D is the
classical plate stiffness matrix. Accordingly, the expression
for 6U " takes the following simple form:

SU" = su.Fdd = su.(Du)dd (8)

Now, a microplate element with # arbitrary nodes is
considered. The rotation and deflection fields are interpolated
via the relation

¥ Nd, n d,
¥, =1Nd, ¢ = ZN 119 )
w Nd,| 7 |d,,

Where N, are the interpolation functions. By Eqs. (7) and (9),
the generalized strain vector o is discretized by the relation
o=Bd, where B is a generalized strain-displacement
matrix. Accordingly, Eq. (8) is rewritten as

oUW =5d°(K{d*) (10)

where K is the classical part of the element stiffness matrix
given by

K= L B"DBdA (11)

Similar to what was done for the classical part, the gradient-
based vectors F and " are defined as follows:

F*:{HIII’H2227H122’H2117H112’H212’ (12)
GII’GZZ’ GIZ’BII’BZZ’BIZ’BZI}T
ﬁ :{5111’4:222’512294:211’2§112’2§212’5113’5223’ (13)

25]23’25311 ’25322’25312’ 2§SZI}T

where the matrix relation F*=D"®" holds. Using Egs. (9)
and (13), the discretized form of ®" is given by o'=B"d®,
where B'is the corresponding generalized strain gradient-
displacement matrix. This together with Egs. (12) and (13)
yields the following expression for U * :

SU® = 5d° (Kde) (14)

where K is the gradient part of the element stiffness matrix
given by

K = L B'D'B’dA (15)

Finally, the element stiffness matrix of the strain gradient
Mindlin-Reissner microplate model is given by the relation
K =Kj] +Kj .

The element force vector depends on the applied external
node. For instance, if p is the resultant external pressure on
the element in +z direction, and ¢, are distributed moments
per unit area around X , , the element force vector is given by

£ = [ 19,N.¢,N, pN} d4 (16)

3- Results and Discussion
A rectangular plate of dimensions L;xL,xh,
with L, as the length of the plate along the x , -coordinate,
is considered. In the first example, a rectangular plate with
simply-supported boundaries is considered. In the second
one, the plate edges are assumed to be clamped. In the third
examples, three edges are simply-supported and the forth one
is free. To have non-dimensional results, the following non-
dimensional parameters, similar to those defined in Ref. [9],
are introduced:

_h L L W
X=qo¥=gh Z=38 W= (17)
where w € is the maximum plate deflection based on the
classical Kirchhoff plate model (e.g., Ref. [10]).
In the first two examples, due to symmetry, only one-quarter
of the geometry is discretized by nxn meshes of the newly
introduced element. Convergence analysis shows that, in
both examples, a 16x16 elements for mesh is sufficient to
have convergent results for all values of the non-dimensional
parameters X, Y and Z.
Now, the first example as a square plate with simply-supported
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Fig. 1. Variation of the non-dimensional deflection W versus
X and for various values of Yin a simply-supported square
microplate
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Fig. 2. Variation of the non-dimensional deflection W versus X
and for various values of Yin a square microplate with clamped
boundaries
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Fig. 3. Variation of the non-dimensional deflection W versus X

and for various values of Yin a square microplate with three
edges simply-supported and the fourth edges free

edges is considered. Variations of the nondimensional center
deflection W versus the ratio of thickness-to-material length
scale parameter X, and for several values of the width-to-
thickness ratio Y, have been illustrated in Fig. 1. As can be
seen from the figure, the curves generated by the present
finite element formulation and those based on the exact
solution calculated based on the formulation in Ref. [9] are
indistinguishable.

In the next example, a square plate with clamped boundaries
under uniform pressure is considered. The nondimensional
center deflection W versus variations of the X parameter
and for several values of the width-to-thickness ratio Y has
been illustrated in Fig. 2. By increasing the thickness, the
nondimensional deflection W approaches to that predicted by
the Mindlin-Reissner plate model based on classical elasticity
theory. In the third example, a square plate with three edges
simply-supported and the fourth edge free is considered.
Convergence study reveals that a 16x32 elements for mesh
is sufficient to have convergent results. The nondimensional
center deflection W versus variations of the X parameter and
for several values of the width-to-thickness ratio Y has been
depicted in Fig. 3. Size effect is observed for X <30.

4- Conclusions

In this work, a C' four-node quadrilateral microplate element
for the analysis of Mindlin-Reissner microplates was
developed. The formulation was based on the Aifantis form
[6] of strain gradient elasticity theory to capture size effect
phenomenon. By solving three examples, the capability and

efficiency of the new element for a wide range of geometric
parameters was investigated. It was shown that the new
element can successfully capture the so-called size effect.
Moreover, it was observed that the element behaves very well
in moderately thick as well as very thin plates. Additionally,
it was shown that the new element can regenerate the results
of the Mindlin-Reissner plate model in the context of the
classical continuum theory when the ratio of thickness-
to-material length parameter, namely X =#h/[l, takes
sufficiently large values.
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