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Investigation of 3 Dimensional Nano fluid Natural Convection in Presence of Magnetic 
Field using Double Multi Relaxation Time Lattice Boltzmann Method 
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ABSTRACT: In this work numerical simulation of magneto hydrodynamics natural convection in a 
three dimensional square cavity has been considered by new means of the Lattice Boltzmann method 
with double multi relaxation time model utilizing cu/water nanofluids. D3Q19 and D3Q7 models have 
been used to solve the momentum and energy equations, respectively and the effect of different Grashof 
numbers (Gr=103 _105) and various Hartmann numbers (Ha=0-100) for volumetric fraction of the 
nanoparticles between 0 and 12% have been investigated. The results have been shown at different 
planes and lines of the 3-D enclosure and based on the results the double multi-relaxation time - Lattice 
Boltzmann method is a proper method for simulating the complex 3-D flows. Also, the results show that 
augmentation of the Hartmann number decreases the heat transfer rate for base fluid and the maximum 
reduction of Nusselt number with increasing Hartmann number from 0 to 100 has been observed as 71% 
for Gr=104. While increasing the Grashof number and volumetric fraction of the nanoparticles enhance the 
heat transfer rate for all Hartmann number. The highest effect of nanoparticle is obtained at Gr=104 and 
Ha=50 as with increasing 12% of volumetric fraction of the nanoparticles Nusselt number enhances 43%. 
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1- Introduction
The Lattice Boltzmann Method (LBM) has been developed 
as a useful and efficient numerical method extensively in the 
past decades [1]. This method has been applied to simulate 
turbulent flows, mix and natural convection, multi-phase 
flows and etc. [2-4]. This method consists of two main 
steps which are collision and streaming. To do the collision 
step in LBM, various models have been used that the most 
popular model is the Lattice Bhatnagar–Gross–Krook 
(LBGK) [5]. Single relaxation time (SRT) has been applied 
for the collision step in the LBGK model which has some 
instability when is used for solving thermal fluids [6]. So to 
overcome the disadvantage of this model various works have 
been conducted and reported that the Multi-Relaxation-Time 
(MRT) and Two-Relaxation-Time (TRT) models are better 
than the LBGK model in terms of accuracy and stability [7]. 
Recently a three-dimensional double MRT model has been 
used for simulating fluid flow and heat transfer for the first 
time and concluded that the new model can predict the results 
well in comparison with the experimental ones [8].
As an efficient way to increase the heat transfer rate, 
nanoparticles are added to pure fluid to improve the thermal 
conductivity of pure fluid, so the Nusselt number enhances 
considerably [9].
Magnetic fields affect the heat transfer rate and is used to 
control the natural convection in industry. A mix convection in 
a cavity in the presence of magnetic field has been considered 
by Sivasankaran et al. [10]. They solved the flow and heat 
transfer fields numerically and concluded that the Nusslet 
number decreases by augmentation of the magnetic field.

The main aim of the present work is to develop the double 
MRT Lattice Boltzmann method to solve the complex 
three-dimensional flow such as Magneto Hydro Dynamics 
(MHD) nano fluid. Also the effect of different parameters 
such as Hartmann number, Grashof number and volumetric 
fraction of the nanoparticles on the Nusselt number has been 
investigated.

2- Methodology
2- 1- Problem statement
The geometry of the present work is shown in Fig. 1. It is a 
cubic cavity that the vertical walls (x=0 and x=L) are kept 
at constant temperature and the remained four walls are all 
adiabatic, also non-slip boundary conditions are used for all 
walls. The cavity is filled with a Newtonian nanofluid and 
the flow is laminar and incompressible. Magnetic field (B) is 
applied along the x direction, perpendicular to gravity.

2- 2- Double MRT Lattice Boltzmann method
In this study, MRT-LBM method with D3Q19 and D3Q7 
models is used for the three dimensional flow simulations 
and energy equation, respectively. In this method to evaluate 
the distribution function for velocity and temperature the 
following distribution function are used [8]:
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Where fi and hi is the velocity and temperature distribution 
functions, respectively. Fi in Eq. (1) is the force term and for 
MHD natural convection can be obtained as:
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3- Results and Discussion
A comparison of the average Nusselt number for different 
Hartmann numbers at a fixed Grashof number Gr= 52 10×  
between the present results and the previous works [11, 12] 
has been illustrated in Table 1. As it is obvious in Table 1, 
average error between the present data and the previous 
works is less than 2.5% which is shown a good agreement.  

To compare the present solution for nanofluid with the previous 
works, Fig. 2 shows a comparison between the present results 
by the data of Khanafer et al. [13] for different Grashof 
numbers, various volumetric fraction of the nanoparticles and 
Ha=0. Fig. 2 shows a good agreement between the present 
work and previous studies and the average error is less than 
2%. 

4- Conclusions
Magneto hydrodynamics natural convection in a cubic 
cavity has been studied by new means of the double Multi-
Relaxation-Time Lattice Boltzmann method utilizing cu/
water nanofluids. The effect of various parameters such as 
Grashof and Hartmann numbers and volumetric fraction of 
the nanoparticles on heat transfer rate have been investigated. 

The results showed that average and local Nusselt number 
decline by increasing of Hartmann number significantly. 
Also, heat transfer rate enhances by augmentation of Grashof 
number and it is gathered that the average Nusselt number 
increases by adding nanoparticle to the pure fluid.
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