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ABSTRACT:  In this paper, an efficient and accurate solution method is developed for transient 
analysis and free vibration of functionally graded truncated conical shell, subjected to symmetric 
internal or external moving pressure. The material properties of the shell are graded continuously in 
the radial direction according to a Mori-Tanaka and volume fraction power-law distribution. A hybrid 
solution method composed of the layerwise theory, differential quadrature method and Fourier series 
expansion is employed to investigate the aforementioned problem. A Fourier series expansion is used 
for the displacement components and dynamic pressure in the axial direction. Then the layerwise theory 
across the thickness direction in conjunction with Hamilton’s principle is employed to obtain equations 
of motion and boundary conditions. Eventually, the differential quadrature method is implemented to 
discretize the governing equations in the time domain. This research shows some interesting results that 
can be helpful for the design of functionally graded shells subjected to moving pressure. The developed 
results are successfully compared with the available results in the literature. The convergence study 
demonstrates the fast convergence rate with a relatively low computational cost. The results reveal that a 
free vibration with significant amplitude is generated due to excitation from the transition of the moving 
pressure. 
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1. INTRODUCTION
The considerable advantages of Functionally Graded 

Materials (FGMs) over conventional materials and increased 
usage of the shells in engineering applications have stimulated 
considerable interest in the dynamic analysis of such shells. 
Few studies have been done in the field of axisymmetric 
Functionally Graded (FG) shells subjected to moving 
pressure and most of them are restricted to the cylindrical 
hollow shells.

Therefore the importance of this problem motivated us to 
study the dynamic behavior of FG truncated conical shells 
subjected to axisymmetric moving pressure. In this paper, 
the free vibration caused by excitation of the moving load is 
also be considered. Since the exact solution is not available 
for the described problem, the objective of the presented 
investigation is to provide an efficient and accurate hybrid 
method based on layerwise theory, Differential Quadrature 
Method (DQM) and Fourier series expansion.

2. METHODOLOGY
Consider a thick functionally graded truncated conical 

shell with varying material properties in the thickness 
direction. The shell is subjected to local symmetric moving 
pressure p(z, t) with length ls and axial velocity of V. The 

inner and outer radius of the shell are denoted by rin and rout, 
respectively, l is the length of the cone and ψ is the semi-vertex 
cone angle. Also u, v and w are the radial, circumferential 
and axial displacement components, respectively. The 
distribution of mechanical properties in the radial direction 
of the FG shell are assumed to obey the Mori-Tanaka model. 
The density ρ of the FG shell is defined by using a simple 
power-law distribution of volume fraction.

The displacement field of the truncated conical shell 
subjected to axisymmetric moving load is expressed by 
using the Fourier series in the axial direction. Then Reddy’s 
layerwise theory [1] is used. Based on the layerwise theory the 
thickness of the FG shell is divided into Nr-1 computational 
layers and the axisymmetric displacement components Um and 
Wm are expressed in accordance with Eq. (1) [2] as follows:
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The truncated conical shell can be subjected to either 
internal moving pressure ( )ztpin ,  or external moving 
pressure ( )ztpout ,  as Eq. (2):
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Hamilton’s principle is employed to obtain the governing 
equations of motion. To solve the equations of motions, the 
differential quadrature method is used. According to the 
DQM, the time derivatives of displacement components at the 
ith computational layer is approximated by a weighted linear 
summation of the displacement components. By solving the 
governing equations of motions for each axial wave number, 
the time histories of the axial and radial displacement 

components in each point of the FG truncated conical shell 
are predicted. To develop the governing equations for the 
case of free vibration, the dynamic pressures are set to zero. 

3. DISCUSSION AND RESULTS 
The constituent materials of the FG truncated cone is 

composed of aluminum and zirconia ceramic and vary 
smoothly from aluminum metal at the inner surface to 
zirconia ceramic at the outer surface. In Table 1, the geometric 
characteristic and material properties of the truncated cone 
are presented. Here, the inner surface of the shell is subjected 
to symmetric moving pressure that is related to Eq. (3).

( ) [ ] [ ]{ })001.0(100100, +−−−= tzutzuztp ssin � (3)

Fig. 1 illustrated the time histories of dimensionless 
radial and axial displacements on the inner, mid and outer 
surfaces of the FG truncated conical shell at its mid-length. 
It is observed that the free vibration amplitude is relatively 
significant. This is arising from considerable high radial and 
axial displacement rates due to excitation from the transition 
of moving pressure.

Time histories of the dimensionless tangential, and shear 
( *

zrσ ) stress components on the inner, mid and outer surfaces 
at the mid-length of the FG shell are performed in Fig. 2. It 

 

Table 1. Geometric characteristic and material properties of the 
FG truncated cone

 

Fig. 1. Time histories of the dimensionless a) radial and b) axial displacements at the mid-length of the FG shell   
Fig. 1. Time histories of the dimensionless a) radial and b) axial 

displacements at the mid-length of the FG shell

 

Fig. 2. Time histories of the dimensionless a) tangential and b) shear stresses at the mid-length of the FG shell 

 
Fig. 2. Time histories of the dimensionless a) tangential and b) 

shear stresses at the mid-length of the FG shell
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is observed that the outer surface has to endure more stresses 
due to its higher stiffness. This is while that, by replacement 
of the FG shell with a homogenous and isotropic shell, the 
maximum stresses will occur on the inner surface.

Table 2, listed maximum magnitudes of U* and *
θσ  

on the inner surface at the middle of the cone length, for 
two cases of constant pressure (P=const.) and constant 
load magnitude (F=37.7 kN). It is seen that, in the case 
of P=const., by increasing the moving pressure area, the 
amount of radial displacement and tangential stress will also 
increase. However, in the case of constant load magnitude, 
increasing the area of moving pressure leads to a decrease in 
the magnitude of applied pressure. 

4. CONCLUSIONS
In this paper, an accurate numerical hybrid method based 

on the layerwise theory, Fourier series expansion and DQM is 
presented. By employing this method, the transient behavior 
and free vibration response of FG truncated conical shells 
subjected to moving pressure are investigated. At first, a 
Fourier series expansion is employed to express the dynamic 

pressure and displacements in the axial direction. Then the 
layerwise theory in conjunction with Hamilton’s principle 
is implemented to approximate the equations of motion in 
the radial direction. Finally, DQM is used to discretize the 
governing equations in the time domain. Subsequently, by 
using this method, a FG truncated conical shell was modeled 
and the detailed responses of the shell subjected to a moving 
pressure are investigated. 
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Table 2. Effects of moving pressure area on maximum magnitudes of U* and σ*
θ
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