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ABSTRACT: In this paper, the nonlinear vibration of a rotating blade with varying rotating speeds
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is investigated. The rotating blade is considered as a rotating cantilever Euler-Bernoulli beam without  Received: Apr. 08, 2020

geometric nonlinearity. The angular velocity is assumed as a constant value which is fluctuated with
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small amplitude. The nonlinear partial differential equations of the rotating cantilevered beam are derived ~ Accepted: Nov. 13, 2020

in three-dimensional using Hamilton’s principle. Then, the Galerkin discretization method is applied to ~ Available Online:Nov. 25, 2020

the nonlinear partial differential equations to obtain three nonlinear ordinary differential equations. The
method of multiple scales is utilized to derive six first-order ordinary differential equations to describe
the time variation of amplitudes and phases of interacting modes. The stability and bifurcation of
fixed points are obtained by using the eigenvalues of the Jacobian matrix of the modulation equations.
Numerical results demonstrated that near the primary resonance and internal resonance the fixed points
lose the stability through the saddle node bifurcation. Moreover, the transfer energy among the modes
and jump in amplitude of modes occur in frequency response at the different cases of internal resonance.
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1- tIntroduction

Rotating blades are used in wind and gas turbines
and they are designed according to the flexibility of the
blade, mathematical modeling of the blade under various
conditions such as aecrodynamic loads or high temperature.
Some researchers have studied the nonlinear vibrations of
the rotating blade [1-9]. Also, time-varying rotational speed
can change the steady-state amplitudes of the rotating beam
[2].

In this study, the axial, lateral and transverse vibrations of
the rotating beam are investigated under the harmonic angular
velocity. When the internal resonance conditions are imposed
between the three modes, the energy is transformed from the
excited mode to other modes. Moreover, the amplitude and
frequency of harmonic term of angular velocity can influence
the stability of the steady-state solutions.

2- Methodology

In order to study the nonlinear vibration of rotating beam,
a rotating beam model is presented in Fig. 1. The basic
assumptions are considered as follows: 1- Euler-Bernoulli
beam theory is used in this analysis and there is no shear stress.
2- Rotational speed is composed of constant value () as
well as small amplitude with harmonic term ( 25 cos(€2;¢) ).
3- The von-Karman strain-displacement is employed.

The dimensionless equations are derived using the

extended Hamilton’s principle as follows:
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Q1) =Qp + 2 cos(QQyr)

Fig. 1. Rotating Euler-Bernoulli beam with varying rotation
speed Q(t)

where, uy,uyand v,ware respectively the static and
dynamic axial displacements and lateral and transverse
displacements. Applying the Galerkin method yields:

ug (x,0) =G x)p)w (x,0)=H (x)q (), 4)
v(x,0)=S(x)r@),

The Ordinary Differential Equations (ODE’s) are obtained
in three directions. G(x),S(x),H(x) are the mode shapes of
cantilever beam in axial, lateral and transverse directions.
The multiple scales method is applied to the equations by
assuming the straightforward solution as:

q@.e)=q,T,.T\)+eq,T.T))+...
q(t,8)=q,(To.T)) +5q,(Ty.T) +... )
r(t,e)=r/T,T)+er(T,,T)+..

By substituting Eq. (4) in ordinary differential equations,

we get
D()Zp0+w,fp0=0,D(fr0+a{?r0:0, (6)
Dozqo +wj‘10 = 0,
D2 2 — .

0 P1 + @, p; = Nonlinearterms,
D§ n+ 603 1 = Nonlinearterms, 7)
Dé q+ a)vzvql = Nonlinearterms,

By determining the secular terms and applying the
solvability conditions, the modulation equations are
obtained for different cases. The fixed points of equations
are obtained and the stability of them is shown in numerical
simulations.
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Fig. 2. amplitude of axial, lateral and transverse modes of beam
versus amplitude

4 6 8 10 12

2
1.58 3.08 Q,

Fig. 3. amplitude of axial, lateral and transverse modes of beam
versus amplitude

3- Results and Discussion

The stability of fixed points is investigated for the
rotating blade with time-varying angular velocity. The
dynamic behavior of the rotating beam is studied in axial,
lateral and transverse directions. The fixed points or steady-
state amplitudes of rotating beam lose stability through the
saddle-node or Hopf bifurcations. Modal interaction has
occurred between the axial, lateral and transverse modes in
the presence of internal resonance condition and external
resonance. Fig. 2 shows the steady-state amplitudes versus
the Q, forQ -=w,+s0 and internal resonance condition
w,=2w,+s5 for 0=0=—1. As seen in this Figure, the
axial mode (a,) is increased at €, =0.5,2.5due to
modal interaction. Moreover, Jumps in lateral motions or
a, are seen at ), =0.52,2.5. In Fig 3.0, =0, +s0 and
w, =20,,+ &5, the axial and transverse modes are excited and
jumps occur at SN points.

4- conclusions

In this study, the nonlinear vibration of rotating beam is
analyzed for time-varying spinning speed. The nonlinearity
is caused by the von Karman strain-displacement relations
and harmonic term of angular velocity. The governing
equations are derived in axial, lateral and transverse
directions using Hamilton’s principle. The steady-state
amplitudes in three dimensions are presented in numerical
simulations. Results show the modal interaction and jump
in amplitudes in the presence of 1:1 and 2:1 internal
resonances.



A. Zamani et al. Amirkabir J. Mech. Eng., 53(Special Issue 4) (2021) 581-584, DOI: 10.22060/mej.2020.18223.6769

References

[1]H. Arvin, F. Bakhtiari-Nejad, Non-linear modal analysis
of a rotating beam, International Journal of Non-Linear
Mechanics, 46(6) (2011) 877-897.

[2]M. Yao, Y. Chen, W. Zhang, Nonlinear vibrations of
blade with varying rotating speed, Nonlinear Dynamics,
68(4) (2012) 487-504.

[3]H. Arvin, Y.-Q. Tang, A.A. Nadooshan, Dynamic stability
in principal parametric resonance of rotating beams:
Method of multiple scales versus differential quadrature
method, International Journal of Non-Linear Mechanics,
85(2016) 118-125.

[4] G. Zhao, Z. Wu, Coupling vibration analysis of rotating
three-dimensional cantilever beam, Computers &
Structures, 179 (2017) 64-74.

[5]1O. Thomas, A. Sénéchal, J.-F. Deii, Hardening/softening
behavior and reduced order modeling of nonlinear
vibrations of rotating cantilever beams, Nonlinear

dynamics, 86(2) (2016) 1293-1318.

[6]Y. Qin, X. Li, E. Yang, Y. Li, Flapwise free vibration
characteristics of a rotating composite thin-walled beam
under aerodynamic force and hygrothermal environment,
Composite Structures, 153 (2016) 490-503.

[7] F. Bekhoucha, S. Rechak, L. Duigou, J. Cadou, Nonlinear
free vibrations of centrifugally stiffened uniform beams
at high angular velocity, Journal of Sound and Vibration,
379 (2016) 177-190.

[8]J. Tian, J. Su, K. Zhou, H. Hua, A modified variational
method for nonlinear vibration analysis of rotating
beams including Coriolis effects, Journal of Sound and
Vibration, 426 (2018) 258-277.

[9TH. Arvin, A. Arena, W. Lacarbonara, Nonlinear vibration
analysis of rotating beams undergoing parametric
instability: Lagging-axial motion, Mechanical Systems
and Signal Processing, 144 (2020) 106892.

HOW TO CITE THIS ARTICLE

DOI: 10.22060/me;j.2020.18223.6769

A. Zamani, M. Eftekhari, M. Eftekhari, Stability and bifurcation of a rotating blade
with varying speed,Amirkabir J. Mech. Eng., 53(Special Issue 4) (2021) 581-584.

583






YEVY b YRR Clrio ¥+ Jlo F 03 ojled O 0553 «SuilSin utigen 4y
DOI: 10.22060/me;j.2020.18223.6769

o 3l yg0 sy b Hlg0 ji SSLgo 9 gyl

o Bl e T g il asle M Jlejy e

OlnlealeS (le,S yal aupds oiils ¢ pwidige g (28 0uSiiloid )l pwlid IS (geomiils -

u‘)—" ‘ul>)».~.: ‘ubr-“’ (o oKisls “_i:.,l_iq (e 05; . )L,QL:_MJI ¢
Al eilesS eleS il aupeds oKl ¢ pwiiges 5 o33 saSiile Lotils -F

18)9ls Az U
AR R YRR VA R TR
VYRR AIVY cg S5k
VR AT

YYR4/-9/-0 00T &l

(euadls wlols

Se Dgo g0 a4 D95 o0 sy e (Slygd Ly b Jled and G o yed Slalssjf allie cl o iads
e & yg0 a lagly S sl 00l 438 5 a5 53 pwain (a8 alse (9 8T e SO (Jgin - shgl 25
S o S 55 2 S o sl i Vol 35 o g 55 el 45 Gl o U 5 1
el yiss ¥olss (555 5 525 M sy s gon glynl i s o3 gilias ol slisal L s
539t e ol sy lacl s sy oy i Alolas s 5 55 o sl o sl

Sroge 58 g asls gloy Ol sy a5 J.l.].—'(_?a Cewds Jgl dd o Jgere Joudl s dolas il ool ey SYolro

uMs‘d}L‘» 999 6)|AJL u}w}@»\.ﬂ Yol U'“'?S‘) L)«\J)JLA aJ.lj ).M)LO.A )l oslazuwl Li e RS (0 L)L“"' |) J?‘M

SLs g0 logas

Jgo 5

Gl Jobss bl )l apauis 5 (Jobs apais Shop aS aies oo lis (goue gl .a.:.i—lsa Sy Jolss blas

)-‘-’“-"u‘)ﬁ Sy

@lises slacdle )0 aoge aisly 1o gz s oge (o (65,5l Ll (yuioren i oo Zews | iy L) 09>

S P C N VWA
Jole blas

A28l oo 3T ol 3 Al sl jlagad yo Sl agais

s Cowl oals plosil aiay pl jo eSU a5 Sladsd 4y dwlol
5 b s olals ol lasn g eyl Vo) Jlo )0 058 oo
Gl 5o n3ls I3 pyp 0)90 1) (2250 9 (597 L) )3 Jlgo
Cewl ool C‘)”"‘“" Feily 9 s> G5 Y olee lal aslllas
Cwrdy i S > SYolre ygilos Juol 5l oolainl b s g
DOV V- TOCIN PSPV S L g P P PR VA PO PR WY
IS8 5z (o250 5 697 lralr Gl ol bas Jsene
Jol 0ge s B ualis Cas g el oall a3 )T Al 10 0ge
oS R Grizren Sl 0l 135 (2000 plex S9e 5 5h97e
odd Jolod g 43 i Sgi (pdpe lralr g b pd b
5 0l )| oy p a4 o) Ses 5 SiTen YoV Jlo yo ] e

doudlo -

idlyon )lgs Sl o 53 3 slaosle 51 (So
5 oslsale slagil Sl lagil dagrmys o lse sloys
S5 @ a0y oS Ll 51aiyls 0,5 g oS e sleoy,
S8 g led Ol s purie augly ey 1ale calizee Lol o
ey B (6978 o SLALST il l pli o S

b cotee sloosasy g58g daojlu (LA LS, (g p0
s b s 3, GSU k) (k3 sl Ligs L atels g
WS Sigeyle ) wads ¢ (A3 wads (e sla el
Sl oo 50 odsay ol 45 0gd o 0dud wgdl 5 Sige,laVl
o Sye Alie (ol 55 a5 (et Wis b oo ;all ool oz

mo.eftekhari@uk.ac.ir :olsise lsonge sorys ™

(Creative Commons License) oo o (Sosis 31 Luilacd o allie () .ol 00 00ld 108 ol ol8ils ol )Ll s 126 3si> g B oian g5 0 (uilio (358>
Auileyd s https:/www.creativecommons.org/licenses/by-nc/4.0/legalcode .ol 5l uilucd cpl bz gl sl 48,5 )18 Loy o 2,0 BY NG

y£od



YFVY U YYO dxaw V¥ JL.) Al 0)45 b)l.e..m LY 0,93 sk_i.:JKn @JW 4_1).“.;

S S 555 Sl 850 Bl 5 28 o S¥olas ilan o
a oes 5 og,] YN8 Jlo o V] ciloasios gleassa
S e 13 Sa e b )led 25 (el Jlod g 45
A Cenl (Soliys sl asdllas )0 poe Slegoge 51 (S apais
ot S50 e el 035l Gy o lS -9 S alralr
ujﬂ@wﬁ))‘w‘owdbuwéhubuiwé‘y)‘
Sz wlaiz ebde by 5l (b GlalS B e oz
Sl 00y oolainl &S 1> SVolee (Sl (g ll o g 45520
SYolre dlde ol o aS Wlools 1,8 Ldow 550 1) Jlad (gos aw
S s Sl 88 0,5 38 s S 53 gy S5
Sl 00l C‘)m‘ oads oS wlalss )| g9, b cdl> (5,90
S5 4 s oo yled (sla s are) o Koo Slidss ales 51[41
b e Sl )] o) Ken g s YV Jlo y5.0,5 o Ll [V #-) -]
DIVT i0ls )13 (w0550 1) (guebolite laee (2520 50 15 5
Gl sbaloged 5 039 loy b ki (slasgly cae e Allia cnl o
) 522 5 S Sz )3 (Bl )) s e DYl VAV Lo
Olygs e STDVAL 00,5 ) Siige sl oly90 Ca po o
B oS g aie 9)5e bl 4l 55, Sl Cd
30 e glaugly ey b oo 55 as e sl | allie ol jo

Pl am 50 o S¥olae L8 sla ISy il oals gy dmy as
Yol laml el ansly iol58l oy aw @ dllde (pl jo aS il ool
5 Sl 0ol gzl il eilon ol 3l ooliiwl b as a0 oS >
Volae 4y (1S5 JE b, 5l ool b ssslcawss o¥olas (o
wain gleoj lide (g, Jleslbail ool Jiows Jaese Jousil s
5 s wais (So po Jobs bl g eas > s e Yol
3 lS )8 s sl o0l Iy vl wloasl casas B e

iboe Woge o (6551 Jail eaxms jlis o155 uly

oS> Y oleo g alluw 7,k ¥
oSS e olils )l oS OVl Cwand )l o

od; C,S)? wl; L‘;"‘)ﬁé CE L> aS )‘30 ‘5]94)4 —)L5‘ MY\
A 4 ol 4295 b )lnl 5 Gadlasls 90 Cove (o p @
e B YN Lo o Iv] calons aslo p J3ls wais
S sl e el GBI wats jeas e kel ol
00l S SYolro (goae ol oolazwl b jlgs SiwYlsSus g
kol wass cdls g0 50 e Fuly CSl sy Slils )
)o-‘d) ‘;Lﬁfuo‘)la )..JL 9 Sl o;.\.ai Cawds duals )5..47.7- D9 9
oar 4 oLSes g b YT Jlo yo [¥] sl onds owyp b
St g pile RSy S g b lgoais e b Seelus b
33 Jelod 990 5 aBlop Aomg aly 9 Yo &)l 4z e 36
SYolee sl jo aS cel SHL o o 15 - S5 5 dllde ol
los,S sl ysibean ol 5l oslial L1y 556 a3 o5 >
oS Jyaro Jouslyizs SNoleo 05 JE gy SaS &y s 3
2 35655 5 gyl [F] wlosglocmon 1) (as ot wtacs
$Sbgerd CujepelS i (da el L8, VY Jlo jo 6500 allie
sl ey alas b s wisls JIE w0550 1 lee
et 5 b e Sl Slal | cou Jlgs Sidisers Cujersls
390 g 5 Sla S B (59) p Dglite (cwaia JS& g olge il
Sas ol 5 0 06 VI8 Jl o o] el 515 )
Soyo o8 (done S5 L les (sl $Sidgess 15 s)lwb 2
33 e &8 5> Yolae 2] wols 13 axllas 5,50 1) (5950
o 9 ilos Sl sl ehees Juol jleslainl by pien Sl
oledl gy 5heslaiwl b 1) S5z Jumdlyass o8 > S¥olas o]
5 ilos,S hawd 90 Al e (Jgeme Jedl i OYolre 4y dg0we
4ilge (S5 dgly oS5 SaaBee (o aly Sl pegn ol
A8 25 GInbial s, e Lulid 5 55570 S Sl
OhSe 5 oo ;09 oy VN7 Jloo 3 el 8,57 )18 () 10 090
Bl S5y 2 Sesladonl G g b pd GiS s Cepw S
rl ek ols S8 (g 0590 | 0l Ly e S (Seslid
ai OIS ¢ Senliog ] blie 5l gy il awwiis axllias
S35 S oo hisS SaSs al) Jlgs amio Sl gls g SIS o

)IOQLM‘bW“M‘owcl | . . La..)j

Y.



YFVYY U Y¥OQ dxio MY o JL" ¥ b).as o)l.cw: HY 0)9 ‘&u&n L;\.:._\‘\.Q(a AJ)uu

Q1) = Qg + Q3 cos(Yr)

Q) oo (1590 e o U Hlg0 (Jogip — gl i ) S

Fig. 1. Rotating Euler-Bernoulli beam with varying rota-

tion speed Q(¢)
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