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ABSTRACT

In this paper, the sensitivity of the efficiency of a fixed cross-sectional fin with temperature-dependent
thermal conductivity to various parameters is investigated using the adjoint equation. A one-dimensional
steady-state formulation is assumed for both the governing energy equation and the corresponding adjoint
equation. The appropriate boundary condition for a convective fin tip is derived for the adjoint variable. The
energy and adjoint equations are solvedinumerically using a finite-difference scheme. The results indicate that
a slight increase in certain parameters, such as the cross-sectional area and the base thermal conductivity, leads
to an improvement in fin efficiency. An contrast, increasing parameters such as the fluid heat transfer
coefficient and the fin length results in a reduction in efficiency. The slope factor in the linear thermal
conductivity model exhibits a non-menotonic effect: for negative values, increasing the slope reduces fin
efficiency, whereas for positive values, it enhances the efficiency. Furthermore, the Biot number defined along
the fin length shows a pronounced negative influence/on fin efficiency as it increases. Its most significant impact
occurs around a Biot number of 0.1, corresponding to.the transition from a nearly uniform temperature

distribution to a regime with a pronounced internal temperature gradient.
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1. Introduction

With the advancement of computational sciences,
particularly data-driven methods, detailed analysis of
thermal system performance has become feasible at the
conceptual design, final design, and optimization stages
prior to manufacturing. Gradient-based approaches are
widely used in sensitivity analysis, optimization, and
machine_dearning. A major computational challenge in
these methods is the evaluation of gradients of the
objective function with respect to design parameters. In
simulation-based <engineering optimization, finite-
difference” perturbation " is a straightforward but
inefficient approach, as the"abjective function typically
depends not only on design parameters but also on the
distribution of _field “variables. Each parameter
perturbation alters the field solution and requires
repeated solution of the governing equations, leading to
high computational cost.

Adjoint methods provide an efficient alternative for
reducing computational expensesin sensitivity analysis
and optimization problems [1].2In this framework, an
adjoint variable is introduced and the.corresponding
adjoint equation is derived and solved. The adjoint
variable implicitly accounts for the dependence’of the
objective function on the field variables, eliminating the
need to repeatedly solve the governing equations for
each parameter perturbation.

Sensitivity analysis of fin efficiency is an important
topic in the design and optimization of thermal systems:
Recent studies have employed adjoint-based methods
for optimizing heat transfer performance in finned
structures [2], as well as for inverse heat transfer
problems involving transient temperature estimation and
parameter sensitivity analysis [3, 4]. In parallel,
numerous analytical and numerical solutions have been
reported for steady and transient heat conduction in fins
and walls with variable thermal conductivity [5-10].
These studies demonstrate that conductivity variations,
whether dependent on space or temperature, can
significantly influence thermal performance and
efficiency.

2. Methodology

Applying Fourier’s law and Newton’s law of cooling
yields the following second-order governing equation
for a fin with a linear temperature-dependent thermal
conductivity model:
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The non-dimensional energy equation becomes:
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Boundary conditions at the base and tipe of the fin are
as follows:

at&=0:u(0) =1,
at £=1:[a+bu@]u’'@)+du()=0
where d =h,A)L, is another parameter. In Egs. (3)-

(6), a, b, c, and d denote grouped parameters.
The fin efficiency is considered as the objective
function in adjoint sensitivity analysis as follows:
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As indicated in Eqg. (7), the fin efficiency depends on
both the grouped parameters and the temperature
gradient at the base. This gradient, in turn, depends on
the internal temperature distribution, which must satisfy
the energy conservation Eqg. (3). Therefore, we are
dealing with a sensitivity problem constrained by the
governing physics. A basic approach would require
solving the perturbed energy equation once for each
parameter, to obtain the derivatives of the objective
function.

By solving.the adjoint equation just once, we can
obtain the«derivatives of the objective function with
respect<to all parameters, leading to a significant
reduction in computational cost. Fig. 1 presents a
schematic of the problem, which includes the effective
parameters listed.in Table 1.
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Fig. 1. Schematic of the problem:

The adjoint problem is derived using the grouped
parameters in Table 1. The sensitivities with'respect to
the effective parameters are then computed via the chain
rule from these grouped parameters.



Table 1. The effective and grouped parameters.

Effective parameters (p)

Grouped parameters (q)

A [m?] (Fin cross-section area)

P, [m].(Fin perimeter)

K, [W/mK] (Reference thermal conductivity)

h, [W/m?K] (Heat transfer coefficient)

B, [KJ(Conductivity slope)

AT, [K] (Temperature difference between base and tip)

a=KA

b =K A LAT,
c=hPRL;
d= ho'AbLo

Biot number along the fin;
BiL _ HOLO

} KoL+ BZAT,)

The adjoint.equation and its boundary conditions are
given as follows:

(a+bu)A"—cA=0 )
1
A0)=——— ®
© c+d
(@a+bu@)4,(Q)+dA,@)=0 A0y

After solving the adjoint problem, the sensitivities to
the grouped parameters are givenby:

1
6Q, =7, + [ AF,dé A1)
0

After computing the sensitivities with respect to the
effective parameters, the variation in fin efficiency due
to each parameter is found by multiplying its sensitivity,
by a chosen standard deviation. In this work, a 10%
deviation from the reference value is used for each
parameter.

3. Results and discussion

Fig. 2(a) shows the effect of the conductivity slope
(Bo) on fin efficiency. As shown, efficiency increases
with Bo. This is because a larger fo leads to a more
uniform temperature distribution within the fin, as
indicated by Eq. (2), reducing the overall temperature
drop due to fin resistance and thereby improving
efficiency.

Fig. 2(b) shows variations in fin efficiency
corresponding to a 10% increase in each effective
parameter. According to the figure, increasing the
reference thermal conductivity or fin cross-sectional
area consistently improves efficiency, whereas
increasing the fin perimeter or fluid heat transfer
coefficient reduces efficiency across all £ values.

However, the effect of Po itself differs: for fo < O,
increasing Po reduces efficiency, while for fo > 0, it
improves efficiency. In this regard, the effect of the
base-to-fluid temperature difference (47o) on efficiency
is qualitatively similar to that of So.

Fig. 3(a) shows that as the Biot number along the fin
increases, the efficiency decreases. Higher conductivity

slope values only slightly mitigate this effect. This is
because the Biot number increases with a larger heat
transfer coefficient, longer fin length, or lower reference
conductivity, which raises the ratio of conductive to
convective resistance. Fig. 3(b) emphasizes this effect
by showing the negative impact of increases in these
parameters on efficiency.

Moreover, Fig. 3(b) reveals that the maximum
negative effect on fin efficiency occurs near a Biot
number of 0.1, where the fin transitions from a
thermally lumped condition toward a non-uniform
temperature distribution. This highlights the important
role of the lumped condition in fin design. Finally, the
figure shows that a 10% increase in Bi near this
transition  region reduces fin efficiency by
approximately 12%.

In terms of computational efficiency, the adjoint
method significantly reduces cost compared to the basic
perturbation approach for calculating sensitivities. In
this study, using a single thread of a Core i7-6700HQ
CPU/ the adjoint method achieved a speedup of up to
4.33x oversthe finite-difference approach at the higher
grid resolutions.

4. Conclusion

This study analyzed the sensitivity of a fixed cross-
section fin with temperature-dependent conductivity to
its effective parameters usinganwadjoint method. These
parameters include geometric properties (length, cross-
sectional area, perimeter) and thermal conditions (heat
transfer coefficient, reference conductivity, conductivity
slope, and base-to-fluid temperature difference). While
parameters such as reference conductivity and cross-
sectional area positively affect efficiency,othersilike the
heat transfer coefficient and perimeter have a negative
impact. The temperature difference and conductivity
slope exhibit a dual effect. The /Biot .number
significantly reduces efficiency, with  its«"maximum
effect occurring near Bi = 0.1. Computationally,, the
adjoint method achieved approximately a fourfold
speedup over conventional approaches.
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Fig. 2. Variation in fin efficiency due to a £10% change in effective parameters.
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Table 2. Gradient of fin efficiency with respect to effective parameters and longitudinal Biot number
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Table 3. Gradient of fin efficiency with respect to effective parameters and longitudinal Biot number
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Fig. 2. Effect of variations in.thermal conductivity on the temperature distribution within the fin
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Table 4. Variation of the fin-tip temperature’(°C) with changes in the slope of thermal conductivity
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Fig. 3. Effect of variations in the thermal conductivity slope on the fin heat transfer rate
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Table 5. Variation of the fin heat transfer rate with changes in the thermal conductivity slope
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Fig. 10. Computational speedup in calculating variations in fin efficiency using the adjoint method compared
with the forward finite-difference scheme
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Section Fin with Temperature-Dependent Conductivity
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ABSTRACT
In this paper; the sensitivity,of the efficiency of a fixed cross-sectional fin with temperature-dependent

thermal conductivity to various parameters is investigated using the adjoint equation. A one-dimensional
steady-state formulation is assumed-for both the governing energy equation and the corresponding adjoint
equation. The appropriate boundary condition for a convective fin tip is derived for the adjoint variable. The
energy and adjoint equations are solved numerically using a finite-difference scheme. The results indicate that
a slight increase in certain parameters, such as the cross-sectional area and the base thermal conductivity, leads
to an improvement in fin efficiency. In contrast, increasing parameters such as the fluid heat transfer
coefficient and the fin length results in a reductionsin efficiency. The slope factor in the linear thermal
conductivity model exhibits a non-monotonic effect: for negative values, increasing the slope reduces fin
efficiency, whereas for positive values, it enhances the efficiency. Furthermore, the Biot number defined along
the fin length shows a pronounced negative influence on fin‘efficiency as it increases. Its most significant impact
occurs around a Biot number of 0.1, corresponding to the transition from a nearly uniform temperature

distribution to a regime with a pronounced internal temperaturegradient.

KEYWORDS
Sensitivity analysis, fin efficiency, temperature-dependent/conductivity, adjoint equation, finite-
difference method.
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